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CHAPTER 5

Infinite Sequences and Series

The study of the theory of infinite sequences and series is an integral part of
advanced calculus. All limiting processes, such as differentiation and integra-
tion, can be investigated on the basis of this theory.

The first example of an infinite series is attributed to Archimedes, who
showed that the sum

1 1
T4+ =+ +—
4 47

was less than % for any value of n. However, it was not until the nineteenth
century that the theory of infinite series was firmly established by Augustin-
Louis Cauchy (1789-1857).

In this chapter we shall study the theory of infinite sequences and series,
and investigate their convergence. Unless otherwise stated, the terms of all
sequences and series considered in this chapter are real-valued.

5.1. INFINITE SEQUENCES

In Chapter 1 we introduced the general concept of a function. An infinite
sequence is a particular function f: J*— R defined on the set of all positive
integers. For a given n €J7, the value of this function, namely f(n), is called
the nth term of the infinite sequence and is denoted by a,. The sequence
itself is denoted by the symbol {a,);_,. In some cases, the integer with which
the infinite sequence begins is different from one. For example, it may be
equal to zero or to some other integer. For the sake of simplicity, an infinite
sequence will be referred to as just a sequence.

Since a sequence is a function, then, in particular, the sequence {a,},_,
can have the following properties:

1. It is bounded if there exists a constant K > 0 such that |a,| <K for
all n.

132
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2. It is monotone increasing if a, <a,,, for all n, and is monotone
decreasing if a, >a, , for all n.

3. It converges to a finite number c if lim, ,, a, =c, that is, for a given
€ > 0 there exists an integer N such that

la, —cl <e if n>N.

In this case, c¢ is called the limit of the sequence and this fact is
denoted by writing a, — ¢ as n — . If the sequence does not converge
to a finite limit, then it is said to be divergent.

4. It is said to oscillate if it does not converge to a finite limit, nor to +o°
or —o as n — o,

ExamPLE 5.1.1. Let a,=(n>+2n)/(2n>+3). Then a,— 5 as n— =,
since

1+2/n
lim a, = lim ———
n— % n—x 2+3/n

ExAMPLE 5.1.2. Consider a,=vVvn+1 — Vn . This sequence converges to

zero, since
C (Vn+ T =Vn)(Vn+1+Vn)
= Vn+1+vn
1

TVl tn

Hence, a, > 0 as n — .

EXAMPLE 5.1.3. Suppose that a,=2"/n’. Here, the sequence is diver-
gent, since by Example 4.2.3,
2n
lim =3 = oo,
n—>x N

ExAMPLE 5.1.4. Let a, = (—1)". This sequence oscillates, since it is equal
to 1 when # is even and to —1 when # is odd.

Theorem 5.1.1. Every convergent sequence is bounded.

Proof. Suppose that {a,};_, converges to c. Then, there exists an integer
N such that

la, —cl <1 if n > N.
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For such values of n, we have
la,| <max(|c—1[,|c+1).
It follows that
la,| <K
for all n, where

K=max(la,| +1,la,l +1,...,layl +1,lc—=1],lc +1]). O

The converse of Theorem 5.1.1 is not necessarily true. That is, if a
sequence is bounded, then it does not have to be convergent. As a counterex-
ample, consider the sequence given in Example 5.1.4. This sequence is
bounded, but is not convergent. To guarantee converge of a bounded
sequence we obviously need an additional condition.

Theorem 5.1.2. Every bounded monotone (increasing or decreasing) se-
quence converges.

Proof. Suppose that {a,};_, is a bounded and monotone increasing se-
quence (the proof is similar if the sequence is monotone decreasing). Since
the sequence is bounded, it must be bounded from above and hence has a
least upper bound c¢ (see Theorem 1.5.1). Thus a, < ¢ for all n. Furthermore,
for any given € > 0 there exists an integer N such that

c—e<ay<c;

o0
n=1

otherwise ¢ — e would be an upper bound of {a,),_,. Now, because the

sequence is monotone increasing,
c—e<ay<ay, <ay,, < <c,

that is,

c—€<a,<c forn > N.

We can write

c—e€<a,<c+e,
or equivalently,

la, —c| <€ if n >N.

This indicates that {a,)_, converges to c. O
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Using Theorem 5.1.2 it is easy to prove the following corollary.
Corollary 5.1.1.

1. If {a,);_, is bounded from above and is monotone increasing, then
{a,},_, converges to c =sup,.,a,.

2. If {a,};_, is bounded from below and is monotone decreasing, then
{a,);_, converges to d =inf,_ , a,.

EXAMPLE 5.1.5.  Consider the sequence {a,};_,, where a, =V2 and a,,,
= \/ 2+ \/Z for n > 1. This sequence is bounded, since a, <2 for all n, as

can be easily shown using mathematical induction: We have a, = V2 <2 If
a, <2, then a,,, <2+ V2 <2. Furthermore, the sequence is monotone
increasing, since a,<a,,, for n=1,2,..., which can also be shown by
mathematical induction. Hence, by Theorem 5.1.2 {a,},_, must converge. To
find its limit, we note that

lim a,,, = lim /2 + a,

n—ow n—ow

= 2+ ,/lma, .

If ¢ denotes the limit of a, as n — o, then

c=\/2+\/g.

By solving this equation under the condition ¢ > V2 we find that the only
solution is ¢ = 1.831.

Definition 5.1.1. Consider the sequence {a,),_,. An infinite collection of
its terms, picked out in a manner that preserves the original order of the
terms of the sequence, is called a subsequence of {a,};_,. More formally, any
sequence of the form {b,};_,, where b, =a, such that k, <k, < -+ <k, <

- is a subsequence of {a,};_,. Note that k, > n for n > 1. O

Theorem 5.1.3. A sequence {a,),_, converges to ¢ if and only if every
subsequence of {a,};_, converges to c.

Proof. The proof is left to the reader. |
It should be noted that if a sequence diverges, then it does not necessarily

follow that every one of its subsequences must diverge. A sequence may fail
to converge, yet several of its subsequences converge. For example, the
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sequence whose nth term is a,=(—1)" is divergent, as was seen earlier.
However, the two subsequences {b,};_, and {c,};_,, where b, =a,, =1 and
c,=a,,_;=—1(n=1,2,...), are both convergent.

We have noted earlier that a bounded sequence may not converge. It is
possible, however, that one of its subsequences is convergent. This is shown
in the next theorem.

Theorem 5.1.4. Every bounded sequence has a convergent subsequence.

Proof. Suppose that {a,};_, is a bounded sequence. Without loss of
generality we can consider that the number of distinct terms of the sequence
is infinite. (If this is not the case, then there exists an infinite subsequence of
{a,);_, that consists of terms that are equal. Obviously, such a subsequence
converges.) Let G denote the set consisting of all terms of the sequence.
Then G is a bounded infinite set. By Theorem 1.6.2, G must have a limit
point, say c. Also, by Theorem 1.6.1, every neighborhood of ¢ must contain
infinitely many points of G. It follows that we can find integers k, <k, <k,
< -+- such that

|akn—c|<; forn=1,2,....

Thus for a given € > 0 there exists an integer N> 1/€ such that |a, —c| <e
if n> N. This indicates that the subsequence {a, },_; converges to c.
O

We conclude from Theorem 5.1.4 that a bounded sequence can have
several convergent subsequences. The limit of each of these subsequences is
called a subsequential limit. Let £ denote the set of all subsequential limits
of {a,f,_,. This set is bounded, since the sequence is bounded (why?).

Definition 5.1.2. Let {a,f’_, be a bounded sequence, and let E be the
set of all its subsequential limits. Then the least upper bound of E is called
the upper limit of {a,);_, and is denoted by limsup, . a,. Similarly, the
greatest lower bound of E is called the lower limit of {a,};_, and is denoted
by liminf, ,, a,. For example, the sequence {a,};_,, where a, =(—=1)"[1 +
(1/n)], has two subsequential limits, namely —1 and 1. Thus E={—-1,1},
and limsup, _, . 4a, =1, liminf,_, ,a,= —1. O

n

Theorem 5.1.5. The sequence {a,},_, converges to c if any only if

liminfa, = limsupa, = c.

n—" n—ow

Proof. The proof is left to the reader. O



INFINITE SEQUENCES 137

Theorem 5.1.5 implies that when a sequence converges, the set of all its
subsequential limits consists of a single element, namely the limit of the
sequence.

5.1.1. The Cauchy Criterion

We have seen earlier that the definition of convergence of a sequence {a,};_,
requires finding the limit of a, as n — . In some cases, such a limit may be
difficult to figure out. For example, consider the sequence whose nth term is

1 1 1 -t
an=1_§+___+...+L

—1.2,.... 1
57 n—1> 00" (1)

It is not easy to calculate the limit of g, in order to find out if the sequence
converges. Fortunately, however, there is another convergence criterion for
sequences, known as the Cauchy criterion after Augustin-Louis Cauchy (it was
known earlier to Bernhard Bolzano, 1781-1848, a Czechoslovakian priest
whose mathematical work was undeservedly overlooked by his lay and cleri-
cal contemporaries; see Boyer, 1968, page 566).

Theorem 5.1.6 (The Cauchy Criterion). The sequence {a,},_, converges
if and only if it satisfies the following condition, known as the e-condition:
For each e€> 0 there is an integer N such that

la,, —a,l <e for all m >N, n> N.

Proof. Necessity: If the sequence converges, then it must satisfy the e-con-
dition. Let € > 0 be given. Since the sequence {a,);_, converges, then there
exists a number ¢ and an integer N such that

€
Ian—c|<§ if n>N.

Hence, for m > N, n > N we must have

la, —a,l =la,—c+c—a,l

<la,, —cl +la,—c|l <e.

Sufficiency: If the sequence satisfies the e-condition, then it must converge.
If the e-condition is satisfied, then there is an integer N such that for any
given € > 0,

la, —ay, | <e
for all values of n > N + 1. Thus for such values of n,

ay,., —€<a,<ay., +e. (5.2)
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The sequence {a,};_, is therefore bounded, since from the double inequality
(5.2) we can assert that

la,| <max(la,| +1,la,] +1,...,layl +1,lay,, —€l,lay,, +€l)

for all n. By Theorem 5.1.4, {a,);_, has a convergent subsequence {akn}j;l.
Let ¢ be the limit of this subsequence. If we invoke again the e-condition, we
can find an integer N’ such that

Iam—akn|<e’ ifm>N',k,2n>=N’",
where €’ < e. By fixing m and letting k, — o we get
la,, —cl <€’ <e if m>N".

This indicates that the sequence {a,};_, is convergent and has ¢ as its limit.
|

Definition 5.1.3. A sequence {a,)f,_, that satisfies the e-condition of the
Cauchy criterion is said to be a Cauchy sequence. O

EXAMPLE 5.1.6. With the help of the Cauchy criterion it is now possible
to show that the sequence {a,);_, whose nth term is defined by formula 6.1
is a Cauchy sequence and is therefore convergent. To do so, let m > n. Then,

1 1 (-7
J— +...+—
2n+1 2n+3 2n+2p-—1

a, —a,=(-1)" . (5.3)

where p =m —n. We claim that the quantity inside brackets in formula (5.3)
is positive. This can be shown by grouping successive terms in pairs. Thus if p
is even, the quantity is equal to

1 1 1 1
—~ + - +
(2n+1 2n+3) (2n+5 2n+7)

1 1
2n+2p—3 2n+2p—1)

which is positive, since the difference inside each parenthesis is positive. If
p =1, the quantity is obviously positive, since it is then equal to 1/Q2n + 1).
If p >3 is an odd integer, the quantity can be written as

1 1 1 1
—~ + —~ +
(2n+1 2n+3) (2n+5 2n+7)
1 1 1
- +
2n+2p—-5 2n+2p-3 2n+2p—1°
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which is also positive. Hence, for any p,

I | 1 1 (-1)"" ”
— = — 4+ e+ —, .
O =0l =501 T 2n 43 2n+2p—1 (54)

We now claim that

la, —a | < .
meon 2n+1

To prove this claim, let us again consider two cases. If p is even, then

1 1 1
|“m_“”|=2n+1_(2n+3_2n+5)_'"
1 1 1
2n+2p—5_2n+2p—3)_2n+2p—1
1
<m, (5.5)

since all the quantities inside parentheses in (5.5) are positive. If p is odd,

then

1 1 1
“m_“"|=2n+1_(2n+3_2n+5)_"'
1 1 1
2n+2p—3_2n+2p—1)<2n+1’

which proves our claim. On the basis of this result we can assert that for a

given € > 0,
la,, —a,l <€ if m>n>N,
where N is such that
1
<€,
2N +1
or equivalently,
N 1 1
>———.
2e 2

This shows that {a,),_, is a Cauchy sequence.
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ExAMPLE 5.1.7. Consider the sequence {a,});_,, where
1 ”(1 1)
=(- +—.
a,=(~1)"[1+~

We have seen earlier that liminf, . a, = —1 and limsup, ,, a, = 1. Thus
by Theorem 5.1.5 this sequence is not convergent. We can arrive at the same
conclusion using the Cauchy criterion by showing that the e-condition is not
satisfied. This occurs whenever we can find an € > 0 such that for however N
may be chosen,

al >e€

m nt =

la
for some m > N, n> N. In our example, if N is any positive integer, then the

inequality

la,, —a,|l =2 (5.6)

m n|—

can be satisfied by choosing m = v and n = v+ 1, where v is an odd integer
greater than N.

5.2. INFINITE SERIES

Let {a,),_, be a given sequence. Consider the symbolic expression

=]

a,=a;,+a,+ - +a,+ . (5.7)

n
n=1

By definition, this expression is called an infinite series, or just a series for
simplicity, and a,, is referred to as the nth term of the series. The finite sum

is called the nth partial sum of the series.

Definition 5.2.1. Consider the series X, _,a,. Let s, be its nth partial
sum (n=1,2,...).

1. The series is said to be convergent if the sequence {s,}_, converges. In
this case, if lim,, . s, =s, where s is finite, then we say that the series
converges to s, or that s is the sum of the series. Symbolically, this is
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expressed by writing

oo
s= Y. a,.

n=1

2. If s, does not tend to a finite limit, then the series is said to be
divergent. O

Definition 5.2.1 formulates convergence of a series in terms of conver-
gence of the associated sequence of its partial sums. By applying the Cauchy
criterion (Theorem 5.1.6) to the latter sequence, we arrive at the following
condition of convergence for a series:

Theorem 5.2.1. The series X,_,a,, converges if and only if for a given
€> 0 there is an integer N such that

|<e forallm>m>N. (5.8)

Inequality (5.8) follows from applying Theorem 5.1.6 to the sequence
{s,);_, of partial sums of the series and noting that

n

|sn_sm|=‘ Z a;

i=m+1

for n >m.

In particular, if n =m + 1, then inequality (5.8) becomes
la,, .| <e (5.9)

for all m > N. This implies that lim,, , , a,,,, =0, and hence lim =0.

We therefore conclude the following result:

Hﬁwaﬂ

ResuLT 5.2.1. If X% _,a, is a convergent series, then lim,, . a, = 0.

It is important here to note that the convergence of the nth term of a
series to zero as n — « is a necessary condition for the convergence of the
series. It is not, however, a sufficient condition, that is, if lim, _, , a, = 0, then
it does not follow that ¥’ _,a, converges. For example, as we shall see later,
the series L7 _,(1/n) is divergent, and its nth term goes to zero as n — . It
is true, however, that if lim, _, , a, # 0, then X, _, a,, is divergent. This follows
from applying the law of contraposition to the necessary condition of conver-
gence. We conclude the following:

1. If a,—>0 as n— o, then no conclusion can be reached regarding
convergence or divergence of X7 _,a,.
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2. If a,» 0 as n— o, then X7,_,q, is divergent. For example, the series
Yo _[n/(n+ 1] is divergent, since

lim
n—x N

.
1

ExaMPLE5.2.1. One of the simplest series is the geometric series, 2, _,a”".
This series is divergent if |a| > 1, since lim, _,, a" # 0. It is convergent if
la| <1 by the Cauchy criterion: Let n > m. Then

S, =S, =a™t +am""? + - +a", (5.10)
By multiplying the two sides of (5.10) by a, we get

a(s, —s,)=a™*+a""3 + . a1, (5.11)

If we now subtract (5.11) from (5.10), we obtain

am+l _an+1

-8, = 5.12

Since |a| <1, we can find an integer N such that for m > N, n > N,
e(l—a
|a|m+1 < Q,
2
€(l—a)

|a|n+1
2

Hence, for a given € > 0,
ls, —s,,| <€ if n>m>N.
Formula (5.12) can actually be used to find the sum of the geometric series

when |a| < 1. Let m = 1. By taking the limits of both sides of (5.12) as n — «
we get

2

a
lim s, =s, + , since lim a"*! =0,
n—o 1—a n—o
a2
=a+
1—a
a
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ExAMPLE 5.2.2. Consider the series X _,(1/n!). This series converges by
the Cauchy criterion. To show this, we first note that

nl=n(n—-1)(n—-2) X xX3x2x1
>2""1 forn=1,2,....
Hence, for n > m,

| 1 1 1
— + 4o 4 —
"o (m+ D) (m+2)! n!

s, —s

1 1 1
S ow T omer Tt o
noo ]
=2 ¥y =.
i=m+1 2

This is a partial sum of a convergent geometric series with a =3 <1 [see
formula (5.10)]. Consequently, |s, —s,,| can be made smaller than any given
€> 0 by choosing m and n large enough.

Theorem 5.2.2. If ¥’ _,a, and ¥, _, b, are two convergent series, and if ¢
is a constant, then the following series are also convergent:

1. = _(ca,)=cX_,a,.
2.5, _(a,+b)=%,_ja,+2,_b,

Proof. The proof is left to the reader. O

Definition 5.2.2. The series T,_,a, is absolutely convergent if X _,la,|
is convergent. O

For example, the series YT,_,[(—1)"/n!] is absolutely convergent, since
Y _,(1/n)) is convergent, as was seen in Example 5.2.2.

Theorem 5.2.3. Every absolutely convergent series is convergent.

Proof. Consider the series X,_,a,, and suppose that X_,|a,| is conver-
gent. We have that

l< ¥ . (5.13)
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By applying the Cauchy criterion to X,_,|a,| we can find an integer N such
that for a given e > 0,

n

Y. lal <e if n>m>N. (5.14)

i=m+1

From (5.13) and (5.14) we conclude that ¥, _,a, satisfies the Cauchy crite-
rion and is therefore convergent by Theorem 5.2.1. O

Note that it is possible that Y7 _,a, is convergent while X _,la,| is
divergent. In this case, the series X,_,a, is said to be conditionally conver-
gent. Examples of this kind of series will be seen later.

In the next section we shall discuss convergence of series whose terms are
positive.

5.2.1. Tests of Convergence for Series of Positive Terms

Suppose that the terms of the series ¥ _,a, are such that a, > 0 for n > K,
where K is a constant. Without loss of generality we shall consider that
K =1. Such a series is called a series of positive terms.

Series of positive terms are interesting because the study of their conver-
gence is comparatively simple and can be used in the determination of
convergence of more general series whose terms are not necessarily positive.
It is easy to see that a series of positive terms diverges if and only if its sum
is +o.

In what follows we shall introduce techniques that simplify the process of
determining whether or not a given series of positive terms is convergent. We
refer to these techniques as tests of convergence. The advantage of these
tests is that they are in general easier to apply than the Cauchy criterion.
This is because evaluating or obtaining inequalities involving the expression
Y n.i1a; in Theorem 5.2.1 can be somewhat difficult. The tests of conver-
gence, however, have the disadvantage that they can sometime fail to
determine convergence or divergence, as we shall soon find out. It should be
remembered that these tests apply only to series of positive terms.

The Comparison Test

This test is based on the following theorem:

Theorem 5.2.4. Let X7 _,a, and X;,_,b, be two series of positive terms
such that a, <b, for n > N,, where N, is a fixed integer.

i. If X _, b, converges, then so does X7 _,a,.
ii. If ¥7_,a, is divergent, then ¥,_, b, is divergent too.
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Proof. We have that

Y a< Y b forn>m>N,. (5.15)
i=m+1 i=m+1

If X7 _, b, is convergent, then for a given e > 0 there exists an integer N, such
that

Y. b<e forn>m>N,. (5.16)

i=m+1

From (5.15) and (5.16) it follows that if n >m > N, where N = max(N,, N,),
then

Z a;<e€,
i=m+1
which proves (i).
The proof of (ii) follows from applying the law of contraposition to (i).
O

To determine convergence or divergence of X _,a, we thus need to have
in our repertoire a collection of series of positive terms whose behavior
(with regard to convergence or divergence) is known. These series can then
be compared against X, _,a,. For this purpose, the following series can be
useful:

a. X_,1/n. This is a divergent series called the harmonic series.
b. ¥7_,1/n*. This is divergent if k < 1 and is convergent if k> 1.

To prove that the harmonic series is divergent, let us consider its nth
partial sum, namely,
1

=X -

n
i=1 1

Let A >0 be an arbitrary positive number. Choose n large enough so that
n> 2" where m > 2 A. Then for such values of n,

1 1 1 1 1 1 1
s, > |1+ = +(—+— +(—+—+—+— + -
2 3 4 5 6 7 8
1 1
+ PR
(2m-1+1 2m)
1 2 4 2ml m
>—+—=+—=+-+ =—>4. (5.17)
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Since A is arbitrary and s, is a monotone increasing function of n, inequality
(5.17) implies that s, — o as n — . This proves divergence of the harmonic
series.

Let us next consider the series in (b). If k<1, then 1/n*>1/n and
Y7 _,(1/n*) must be divergent by Theorem 5.2.4(ii). Suppose now that k > 1.
Consider the nth partial sum of the series, namely,

1

IR

:h‘
I
0=

i
Then, by choosing m large enough so that 2" > n we get

m 1

2F T 3F) T gk T sk T ek T Tk
1 1
+ k + k
2" 2" -1
1 1 1 1
<1+ 2k+2k)+(ﬁ+4k+4k+4k)+
1 1
+ m—1y\% m—1 kl
(") (")
2m71
=14+ttt —
2k 4k (Zm_l)k
=Yad, (5.18)

i=1

where a =1/2%"'. But the right-hand side of (5.18) represents the mth
partial sum of a convergent geometric series (since a < 1). Hence, as m — o,
the right-hand side of (5.18) converges to

Y a"'=——  (see Example 5.2.1).
: a

Thus the sequence {s,};_, is bounded. Since it is also monotone increasing, it
must be convergent (see Theorem 5.1.2). This proves convergence of the
series Yoo _,(1/n*) for k> 1.
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Another version of the comparison test in Theorem 5.2.4 that is easier to
implement is given by the following theorem:

Theorem 5.2.5. Let X,_,a, and X, _, b, be two series of positive terms. If

n=1%n
there exists a positive constant / such that a, and /b, are asymptotically

equal, a, ~Ib, as n — o« (see Section 3.3), that is,

then the two series are either both convergent or both divergent.

Proof. There exists an integer N such that

a, [
Z -1l < E if n>N,
or equivalently,
[ a, 3l
—<—<—= whenever n > N.
2 b 2

n

If X7 _,a, is convergent, then X,_, b, is convergent by a combination of
Theorem 5.2.2(1) and 5.2.4(i), since b, <(2/Da,. Similarly, if X>_,b, con-
verges, then so does X7 _,a,, since a, <(3l/2)b,. If X _,a, is divergent,
then X, _,b, is divergent too by a combination of Theorems 5.2.2(1) and
5.2.4(ii), since b, >(2/30)a,. Finally, ¥, _, a, diverges if the same is true of
Yo_.b,, since a, > (1/2)b,. O

EXAMPLE 5.2.3. The series Y7 _,(n + 2)/(n® + 2n + 1) is convergent, since

n+2 1
— as n — o,

nw+2n+1  n?

which is the nth term of a convergent series [recall that Zj:l(l /nk) is
convergent if k> 1].

EXAMPLE 5.2.4. X7 _ 1/y/n(n + 1) is divergent, because

1 1

~— as n — o,

ya(n+1) n

which is the nth term of the divergent harmonic series.
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The Ratio or d’Alembert’s Test

This test is usually attributed to the French mathematician Jean Baptiste
d’Alembert (1717-1783), but is also known as Cauchy’s ratio test after
Augustin-Louis Cauchy (1789-1857).

Theorem 5.2.6. Let X7 _,a, be a series of positive terms. Then the
following hold:

1. The series converges if limsup,, _, (a,,,/a,) <1 (see Definition 5.1.2).
2. The series diverges if liminf, , (a,,,/a,) > 1 (see Definition 5.1.2).

3. If liminf, , (a,,,/a,) <1 <limsup,_, (a,,,/a,), no conclusion can
be made regarding convergence or divergence of the series (that is, the
ratio test fails).

In particular, if lim, , .(a, ,, /a,) =r exists, then the following hold:

1. The series converges if r < 1.
2. The series diverges if r> 1.
3. The test fails if r = 1.

Proof. Let p =liminf, , (a,,,/a,), ¢ =limsup, _, (a,,,/a,).

1. If ¢ <1, then by the definition of the upper limit (Definition 5.1.2),
there exists an integer N such that

an+1

<q' forn =N, (5.19)

a,

where ¢’ is chosen such that g <q’' < 1. (If a,,,/a, = q' for infinitely
many values of #n, then the sequence {a,,,/a,);_; has a subsequential
limit greater than or equal to g’, which exceeds g. This contradicts the
definition of ¢.) From (5.19) we then get

!
ayy <ayq

’ 12
anip <ayi1q <ayq -,

Anim <Oyim-19q <ayq'™,
where m > 1. Thus for n > N,

a, < “qu(an) =aN(‘1’)7qu-
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Hence, the series converges by comparison with the convergent geomet-
ric series X, _,q'", since g’ < 1.

n

. If p>1, then in an analogous manner we can find an integer N such

that

Apii

>p’ forn=N, (5.20)

ai’l

where p' is chosen such that p > p’ > 1. But this implies that a, cannot
tend to zero as n — o, and the series is therefore divergent by Result
5.2.1.

. If p<1<gq, then we can demonstrate by using an example that the

ratio test is inconclusive: Consider the two series X._,(1/n),
Y>_,(1/n%). For both series, p=qg=1 and hence p<1<gq, since
lim, , (a,,,/a,) = 1. But the first series is divergent while the second
is convergent, as was seen earlier. O

ExAMPLE 5.2.5. Consider the same series as in Example 5.2.2. This series
was shown to be convergent by the Cauchy criterion. Let us now apply the
ratio test. In this case,

. an+1 . 1 1
lim =lim —/ —
n—w a n—e (n+1)!/ n!

n

= lim
n—» N

! 0<1
=0<
1 b

which indicates convergence by Theorem 5.2.6(1).

Nurcombe (1979) stated and proved the following extension of the ratio

test:

Theorem 5.2.7. Let X _,a, be a series of positive terms, and k be a fixed
positive integer.

1.
2.

If lim, , (a,,,/a,) <1, then the series converges.
If lim,, _, (a,,,/a,) > 1, then the series diverges.

This test reduces to the ratio test when k= 1.

The Root or Cauchy’s Test

This is a more powerful test than the ratio test. It is based on the following
theorem:
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Theorem 5.2.8. Let X’ _,a, be a series of positive terms. Let
limsup,, . a)/" = p. Then we have the following:

1. The series converges if p < 1.
2. The series diverges if p> 1.
3. The test is inconclusive if p= 1.

In particular, if lim al/" = 1 exists, then we have the following:

n—® n

1. The series converges if 7< 1.
2. The series diverges if 7> 1.
3. The test is inconclusive if 7= 1.

Proof.
1. As in Theorem 5.2.6(1), if p <1, then there is an integer N such that
al/"<p'" forn>N,
where p’ is chosen such that p < p’ < 1. Thus
a,<p'" for n > N.

The series is therefore convergent by comparison with the convergent
geometric series X,._; p'”, since p’ <1.

2. Suppose that p> 1. Let € > 0 be such that € < p— 1. Then
a/">p—e>1
for infinitely many values of n (why?). Thus for such values of n,

an>(p_6)n’

which implies that a,, cannot tend to zero as n — o and the series is
therefore divergent by Result 5.2.1.

3. Consider again the two series Yo _,(1/n),X%_,(1/n*). In both cases
p =1 (see Exercise 5.18). The test therefore fails, since the first series is
divergent and the second is convergent. O

Note 5.2.1. We have mentioned earlier that the root test is more
powerful than the ratio test. By this we mean that whenever the ratio test
shows convergence or divergence, then so does the root test; whenever the
root test is inconclusive, the ratio test is inconclusive too. However, there are
situations where the ratio test fails, but the root test doe not (see Example
5.2.6). This fact is based on the following theorem:
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Theorem 5.2.9. If a,> 0, then

an+1 . . 1/n . 1/n . a
< liminfa,”” < limsupa,/" < limsup

n—ow

n+1

lim inf
n —> 00

a, n—o n—o n

Proof. 1t is sufficient to prove the two inequalities

. . Ayt

limsupa)/” < limsup , (5.21)
n—ow n—ow n

.. Ayv1 ..

lim inf < liminfal/". (5.22)
n—ow an n—ow

Inequality (5.21): Let ¢ =limsup, _, (a,,,/a,). If g =, then there is noth-
ing to prove. Let us therefore consider that g is finite. If we choose g’ such
that g <g’, then as in the proof of Theorem 5.2.6(1), we can find an integer
N such that

a,<ay(q") "q'" forn>N.
Hence,

"~ 1/n '
al/n < [aN(q ) N] q'. (5.23)

As n — oo, the limit of the right-hand side of inequality (5.23) is ¢'. It follows
that

limsupal/" <q’. (5.24)

n—ow

Since (5.24) is true for any g’ > ¢, then we must also have

limsupal/" <gq.

n—o

Inequality (5.22): Let p =liminf, , (a,,,/a,). We can consider p to be
finite (if p = o, then g = o and the proof of the theorem will be complete; if
p = —o, then there is nothing to prove). Let p’ be chosen such that p’ <p.
As in the proof of Theorem 5.2.6(2), we can find an integer N such that

Apiq

>p' for n > N. (5.25)

an

From (5.25) it is easy to show that

a,>ay(p) "p" forn > N.
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Hence, for such values of n,

!

]1/np .

ay/">[ay(p) ™"
Consequently,

liminfal/" > p’. (5.26)

n—ow
Since (5.26) is true for any p’ <p, then

liminfal/" > p.

n—ow

From Theorem 5.2.9 we can easily see that whenever g <1, then
limsup, _, . al/" < 1; whenever p > 1, then limsup, . a//" > 1. In both cases,
if convergence or divergence of the series is resolved by the ratio test, then it
can also be resolved by the root test. If, however, the root test fails (when
limsup, . a)/" = 1), then the ratio test fails too by Theorem 5.2.6(3). On the
other hand, it is possible for the ratio test to be inconclusive whereas the root
test is not. This occurs when

(O] Ayt

lim inf < liminfa)/" < limsupal/" <1 < limsup

n—« a, n—x n—o n—ow n

ExXAMPLE 5.2.6. Consider the series ¥, _,(a” +b"), where 0 <a <b < 1.
This can be written as X7 _,c,, where for n > 1,

_[a™*th/? if nis odd,
n— n/2 . .
b if n is even.

Now,

Corr _ [ (b/a)" 7 if s odd,

Cn a(a/b)"? if n is even,

e @O i s odd,
" bl/? if n is even.
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As n—x, c,,,/c, has two limits, namely 0 and o; ¢!/" has two limits, a'/?
and b'/%. Thus

c
. . n+1

lim inf =0,
n—o c,

. cn+1

lim sup =0,
n—>x cn

limsupc)/ " =b"? < 1.

n—o

Since 0 <1 <%, we can clearly see that the ratio test is inconclusive, whereas
the root test indicates that the series is convergent.

Maclaurin’s (or Cauchy’s) Integeral Test

This test was introduced by Colin Maclaurin (1698-1746) and then rediscov-
ered by Cauchy. The description and proof of this test will be given in
Chapter 6.

Cauchy’s Condensation Test

Let us consider the following theorem:

Theorem 5.2.10. Let 2,_,a, be a series of positive terms, where a,, is a
monotone decreasing function of n (=1,2,...). Then X7 _,a, converges or
diverges if and only if the same is true of the series X, _,2"a,n.

Proof. Let s, and ¢, be the nth and mth partial sums, respectively, of
Yo _,a,and X7 _ 2", If m is such that n <2, then

s,<a;+(a,+a;) +(a,+tas+ag+a,)
o (agn gy o gy y)
<a,+2a,+4a,+ - +2"a,m=t,,. (5.27)
Furthermore, if n > 2", then

Sy,=a;+a,+(as+ay)+ -+ (a1 + o Fagm)
a, : b
27+a2+2a4+ e 42T pm = (5.28)

If X7 _,2"a,. diverges, then ¢, — © as m — . Hence, from (5.28), s, — o as
n — », and the series X _;a, is also divergent.



154 INFINITE SEQUENCES AND SERIES

Now, if ¥7,_,2"a,. converges, then the sequence {z,,},_, is bounded. From
(5.27), the sequence {s,);_, is also bounded. It follows that ¥ _,a, is a
convergent series (see Exercise 5.13). O

EXAMPLE 5.2.7. Consider again the series ¥7_,(1,/n*). We have already
seen that this series converges if k> 1 and diverges if kK <1. Let us now
apply Cauchy’s condensation test. In this case,

L 2ay= L2555 = Logan
i~

n=1 n=1

is a geometric series Y-_,b", where b=1/2"1 If k <1, then b > 1 and the
series diverges. If k > 1, then b <1 and the series converges. It is interesting
to note that in this example, both the ratio and the root tests fail.

The following tests enable us to handle situations where the ratio test fails.
These tests are particular cases on a general test called Kummer’s test.
Kummer’s Test
This test is named after the German mathematician Ernst Eduard Kummer

(1810-1893).

Theorem 5.2.11. Let ¥7,_,a, and X,_, b, be two series of positive terms.
Suppose that the series X, _, b, is divergent. Let

1 a, 1 ) N
bn an+] bn+1 ’

lim

n—o

Then X,_, a, converges if A >0 and diverges if A <O0.

Proof. Suppose that A > 0. We can find an integer N such that for n > N,

1 a, 1 A 529
— > —. .
bn Ay bn+1 2 ( )

Inequality (5.29) can also be written as

gy, < 2% _ G (5.30)
n+1 A b bn+1 N .

n
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If s, is the nth partial sum of X _,a,, then from (5.30) and for n > N,

2 n+1 ai*l ai
Spi1 <Syp1 T T Z ( -

AN \bioy b
that is,
s <y N E AN+ Gana
n+1 N+1 A bN+l bn+l ’
(5.31)
2 ay,

s””<SN”+X for n > N.

bN+1

Inequality (5.31) indicates that the sequence {s,);_, is bounded. Hence, the
series X _,a, is convergent (see Exercise 5.13).
Now, let us suppose that A < 0. We can find an integer N such that
a 1

n

1
— <0 for n > N.
bn an+l bn+1

Thus for such values of #n,

a,
Ay >b_bn+1‘ (532)

It is easy to verify that because of (5.32),

aN+1

> b

a (5.33)

n n

bN+I

for n > N + 2. Since ¥, _, b, is divergent, then from (5.33) and the use of the
comparison test we conclude that X% _, a, is divergent too. O

Two particular cases of Kummer’s test are Raabe’s test and Gauss’s test.

Raabe’s Test
This test was established in 1832 by J. L. Raabe.

Theorem 5.2.12. Suppose that ¥7,_,a, is a series of positive terms and
that

a, T 1
=1+—+o|— as n — o,

Apiy n n

Then ¥, _,a, converges if 7> 1 and diverges if 7< 1.



156 INFINITE SEQUENCES AND SERIES

Proof. We have that

a, T 1
=1+—+o —).
Ayt n n
This means that
a, T
n —-1-—1-0 (5.34)
an+1 n

as n — . Equivalently, (5.34) can be expressed as

na,
lim( —n—l) —r—1. (5.35)

n—o \ g

Let b, = 1/n in (5.35). This is the nth term of a divergent series. If we now
apply Kummer’s test, we conclude that the series X,_,a, converges if
7— 1> 0 and diverges if 7—1 <0. O

Gauss’s Test

This test is named after Carl Friedrich Gauss (1777-1855). It provides a
slight improvement over Raabe’s test in that it usually enables us to handle
the case 7= 1. For such a value of 7, Raabe’s test is inconclusive.

Theorem 5.2.13. Let X’ _,a, be a series of positive terms. Suppose that

a,

1 i 0] ! 6>0
=1+—+0|—— > 0.
a0l

Then X, _,a, converges if 6> 1 and diverges if 6 < 1.

o) =<l )

then by Raabe’s test, X7,_,a, converges if 6> 1 and diverges if 6 < 1. Let us
therefore consider 6§ = 1. We have
1
n5+l :

Proof. Since

a, 1
=1+—+4+0
Ayt n
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Put b, =1/(nlog n), and consider

(1 a, 1

lim

n—ow

bn (] bn+1

1 1
= lim {nlogn 1+—+O( ST )} —(n+1)10g(n+1)}
. n 1
=n11_1‘)1’clo (n+1)10gn+1 +(nlogn)0 nﬁT) =—1.

This is true because

lim [(n +1)log } =-1 (by I'Hospital’s rule)

n+1

and
1
lim (7 log n)O( W) =0  [see Example 4.2.3(2)].
n—-o n

Since X7 _,[1/(nlogn)] is a divergent series (this can be shown by using
Cauchy’s condensation test), then by Kummer’s test, the series X _,a, is
divergent. O

ExaMmPLE 5.2.8. Gauss established his test in order to determine the
convergence of the so-called hypergeometric series. He managed to do so in
an article published in 1812. This series is of the form 1 + X%,_, a,, where

_a(atD(at2) - (atn-DB(B+1)(B+2) - (B+n—1)
" nly(y+1)(y+2)(y+n—-1)

>

n=1,2,...,

where «, B,y are real numbers, and none of them is zero or a negative
integer. We have

a, (n+1)(n+7y) B n+(y+n+y

a,,, (n+a)(n+B) n’+(a+B)n+ap

y+1l—a—pB 1)
R — |
n

n
In this case, 0=vy+1—a— and 6=1. By Gauss’s test, this series is
convergent if 6> 1, or y> «a+ B, and is divergent if 6 <1, or y< a + B.

~1 +0
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5.2.2. Series of Positive and Negative Terms

Consider the series X,_, a,, where a, may be positive or negative for n > 1.
The convergence of this general series can be determined by the Cauchy
criterion (Theorem 5.1.6). However, it is more convenient to consider the
series X.._,la,l of absolute values, to which the tests of convergence in
Section 5.2.1 can be applied. We recall from Definition 5.2.2 that if the latter
series converges, then the series X,_,a, is absolutely convergent. This is a
stronger type of convergence than the one given in Definition 5.2.1, since by
Theorem 5.2.3 convergence of ¥ _,|a,| implies convergence of X _,a,. The
converse, however, is not necessarily true, that is, convergence of X7_,a,
does not necessarily imply convergence of ¥ _,|a,|. For example, consider
the series

Z —1——+§—7+“‘. (536)

This series is convergent by the result of Example 5.1.6. It is not, however,
absolutely convergent, since Y;_,[1/(2n —1)] is divergent by comparison
with the harmonic series X _,(1/n), which is divergent. We recall that a
series such as (5.36) that converges, but not absolutely, is called a condition-
ally convergent series.

The series in (5.36) belongs to a special class of series known as alternating
series.

Definition 5.2.3. The series Y7_,(—1)""'a,, where a,>0 for n>1, is
called an alternating series. O

The following theorem, which was established by Gottfried Wilhelm
Leibniz (1646-1716), can be used to determine convergence of alternating
series:

Theorem 5.2.14. Let Y7_,(—1)""'a, be an alternating series such that
the sequence {a,};_, is monotone decreasing and converges to zero as
n — o, Then the series is convergent.

Proof. Let s, be the nth partial sum of the series, and let m be an integer
such that m <n. Then

S, =S,= L (-1)"q

i=m+1

= (=1)"[aps1 —apr+ - +(=D)"""a, ] (537)
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Since {a,);_, is monotone decreasing, it is easy to show that the quantity
inside brackets in (5.37) is nonnegative. Hence,

n—m—1
|sn_sm|=am+1_am+2+'“+(_1) a,.

Now, if n —m is odd, then

|sn _sm| =0y — (am+2 _am+3) - _(an—l _an)

=< Apy+1-

If n —m is even, then

|Sn _sm| S (am+2 _am+3) - _(an72 _anfl) —a,

Saerl'

Thus in both cases

Is, =S| <a, .-

n
Since the sequence {a,),_, converges to zero, then for a given €> 0 there
exists an integer N such that for m > N, a,,,, < e. Consequently,

Is, —s,,| <€ if n>m>N.
By Theorem 5.2.1, the alternating series is convergent. O

ExaMPLE 5.2.9. The series given by formula (5.36) was shown earlier to
be convergent. This result can now be easily verified with the help of
Theorem 5.2.14.

EXAMPLE 5.2.10. The series Y7_,(—1)"/n* is absolutely convergent if

k > 1, is conditionally convergent if 0 <k < 1, and is divergent if k£ < 0 (since
the nth term does not go to zero).

EXAMPLE 5.2.11. The series ¥ _,(—1)"/(Ynlogn) is conditionally con-
vergent, since it converges by Theorem 5.2.14, but the series of absolute
values diverges by Cauchy’s condensation test (Theorem 5.2.10).

5.2.3. Rearrangement of Series

One of the main differences between infinite series and finite series is that
whereas the latter are amenable to the laws of algebra, the former are not
necessarily so. In particular, if the order of terms of an infinite series is
altered, its sum (assuming it converges) may, in general, change; or worse, the



160 INFINITE SEQUENCES AND SERIES

altered series may even diverge. Before discussing this rather disturbing
phenomenon, let us consider the following definition:

Definition 5.2.4. Let J* denote the set of positive integers and ¥,_,a,
be a given series. Then a second series such as X7,_,b, is said to be a
rearrangement of X7 _,a, if there exists a one-to-one and onto function
f:J"—>J" such that b, =ay,, for n > 1.

For example, the series
l+5—3+++2—5+-, (5.38)

where two positive terms are followed by one negative term, is a rearrange-
ment of the alternating harmonic series

l—5+3—3+t5— . (5.39)

B[ =
W=
B
n[—

The series in (5.39) is conditionally convergent, as is the series in (5.38).
However, the two series have different sums (see Exercise 5.21). O

Fortunately, for absolutely convergent series we have the following
theorem:

Theorem 5.2.15. If the series X, _,a, is absolutely convergent, then any
rearrangement of it remains absolutely convergent and has the same sum.

Proof. Suppose that 7 _, a, is absolutely convergent and that X7,_, b, is a
rearrangement of it. By Theorem 5.2.1, for a given e> 0, there exists an
integer N such that for all n>m > N,

n

€
Y lal <=.

i=m+1 2
We then have

> €
Yo lay, ol <= if m>N.
k=1 2

Now, let us choose an integer M large enough so that

(1,2,...,N+1} c{f(1),f(2),.... f(M)}.

It follows that if n > M, then f(n) > N + 2. Consequently, for n >m > M,

n n

Z |b,| = Z |af(,‘)|

i=m+1 i=m+1

> €
< X layigl SE~
k=1
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This implies that the series ¥,_,1b,| satisfies the Cauchy criterion of Theo-
rem 5.2.1. Therefore, ¥,_, b, is absolutely convergent.

We now show that the two series have the same sum. Let s =X7,_, a,, and
s, be its nth partial sum. Then, for a given e > 0 there exists an integer N
large enough so that

€
N -5 <.
s =51 <3

If ¢, is the nth partial sum of X7 _,b,, then
[t,—sl <It, —syrq| +Isysq —sl.

By choosing M large enough as was done earlier, and by taking n > M,
we get

n N+1
|tn_SN+1| Z Z a
i=1 i=1
n N+1
Zaf(l) 2 q
i=1 i=1
e €
= Z |aN+k+1| = E’
k=1
since if n > M,
{ay,ay,..;ay 0} S{agg), 005 @5}
Hence, for n > M,
[, — sl <,
which shows that the sum of the series X,_, b, is s. O

Unlike absolutely convergent series, those that are conditionally conver-
gent are susceptible to rearrangements of their terms. To demonstrate this,
let us consider the following alternating series:

( l)n 1
I
This series is conditionally convergent, since it is convergent by Theorem

5.2.14 while £7_,(1/vVn) is divergent. Let us consider the following rear-
rangement:

ST

1 1 1 1 1

gb—lJr‘/§ \/3+F+W—ﬁ+ (5.40)
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in which two positive terms are followed by one that is negative. Let s,
denote the sum of the first 3xn terms of (5.40). Then

-
83, = +

1 1 1 1 1
”W‘ﬁ)*(ﬁ*ﬁ‘ﬁ

1 1 1
\Van—3 Van -1 _\/ﬁ)
1 11 1 1
=(1‘ﬁ * ﬁﬁ)(mﬁ)
1 1 1 1
T nt1  Vane3 U Van=3  Van-1
1 1 1

=5,, + + + ot —,
P+l V2n+3 Van —1

where s,,, is the sum of the first 2z terms of the original series. We note that

n

Sh, > 8, .
3n 2n m

If s is the sum of the original series, then lim, _, ., 5,, = s in (5.41). But, since

(5.41)

n
lim —— =,
n—ow v4n -1

&3

the sequence {s%,},_, is not convergent, which implies that the series in (5.40)
is divergent. This clearly shows that a rearrangement of a conditionally
convergent series can change its character. This rather unsettling characteris-
tic of conditionally convergent series is depicted in the following theorem due
to Georg Riemann (1826-1866):

Theorem 5.2.16. A conditionally convergent series can always be rear-
ranged so as to converge to any given number s, or to diverge to +% or
to —oo,

Proof. The proof can be found in several books, for example, Apostol
(1964, page 368), Fulks (1978, page 489), Knopp (1951, page 318), and Rudin
(1964, page 67). m]

5.2.4. Multiplication of Series

Suppose that ¥ _,a, and ¥’ _,b, are two series. We recall from Theorem
5.2.2 that if these series are convergent, then their sum is a convergent series



INFINITE SERIES 163

obtained by adding the two series term by term. The product of these two
series, however, requires a more delicate operation. There are several ways
to define this product. We shall consider the so-called Cauchy’s product.

Definition 5.2.5. Let X, _qa, and X, _,b, be two series in which the
summation index starts at zero instead of one. Cauchy’s product of these two
series is the series X, _,c,, where

n
c,= Y a.b, ,, n=0,1,2,...,
k=0

that is,

Y c,=ayby+ (ayb, +a,by) + (agb, +ab, +a,by) + .
n=0

Other products could have been defined by simply adopting different ar-
rangements of the terms that make up the series X7 _,c,,. |

The question now is: under what condition will Cauchy’s product of two
series converge? The answer to this question is given in the next theorem.

Theorem 5.2.17. Let X _,c, be Cauchy’s product of X,_,a, and X7 _b,.
Suppose that these two series are convergent and have sums equal to s and ¢,
respectively.

1. If at least one of ¥, _,a, and X7 _ b, converges absolutely, then
Y _oc, converges and its sum is equal to st (this result is known as
Mertens’s theorem).

2. If both series are absolutely convergent, then X’,_,c, converges abso-
lutely to the product st (this result is due to Cauchy).

Proof.

1. Suppose that X7 _ a, is the series that converges absolutely. Let s, 7,

and u, denote the partial sums X7 ,a;, X7 b;, and X} ,c;, respec-

tively. We need to show that u, — st as n — %. We have that
u,=ayby,+ (ayb, +a,by) + - +(ayb, +ab,_ + -+ +a,b,)
=ayt, tat,_ + - +a,t,. (5.42)

Let B, denote the remainder of the series Y _, b, with respect to ¢,,
thatis, B, =t —t, (n=0,1,2,...). By making the proper substitution in
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(5.42) we get

u, ={l0(t_ Bn) +a](t_18n—1) + +an(t_ BO)

:tsn_(aOBn+al Bn—l + o +an BO) (543)

Since s, = s as n — o, the proof of (1) will be complete if we can show
that the sum inside parentheses in (5.43) goes to zero as n — . We
now proceed to show that this is the case.

Let €>0 be given. Since the sequence {B,),_, converges to zero,
there exists an integer N such that

|B,|<e ifn>N.

Hence,
lag B, +a, B, + - +a, Bl
<la,Byt+a, B+ +a, 5Byl
+la,_y_1 Bys1 t @, n3 Bysr + o +ay B, |
n—N-1
<la,By+ta, B+ +a, yBy|t+e Z la,|
i=0
n
<B X |a|+es*, (5.44)
i=n—N

where B =max(|B,l,IB,,...,IBy]) and s* is the sum of the series

X _ola,l(X:_ya, is absolutely convergent). Furthermore, because of
this and by the Cauchy criterion we can find an integer M such that

n

Y la|<e ifn—-N>M+1.
i=n—N

Thus when n >N+ M + 1 we get from inequality (5.44)
|aOBn +a1 Bn—l + +an BO | = E(B+S*)
Since € can be arbitrarily small, we conclude that

lim (aO Bn +a1 anl + - +an BO) =0.
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2. Let v, denote the nth partial sum of ¥7_,lc,|. Then

v, =layby| +|ayb, +aby| + -+ +|ayb, +a,b,_ + - +a,b,|
<layl|by| +]ag||by|+]a;]|by]
+ o +agllb, | +ag||b,_y |+ - +a,||by]

=|aylty +]a [ty + - +]a,|t7,
where tf =X*_(1bl, k=0,1,2,...,n. Thus,

v, < (lagl +layl + - +la,|)tx

< s*t* for all n,

where t* is the sum of the series X,_,|b,|, which is convergent by
assumption. We conclude that the sequence {v,};_, is bounded. Since
v, = 0, then by Exercise 5.12 this sequence is convergent, and therefore
Y _oc, converges absolutely. By part (1), the sum of this series is st.

O

It should be noted that absolute convergence of at least one of X _,a,
and Y_ b, is an essential condition for the validity of part (1) of Theorem
5.2.17. If this condition is not satisfied, then ¥;,_,c, may not converge. For
example, consider the series X,_,a,, X, _,b,, where

a =b = (-1’ n=0,1

These two series are convergent by Theorem 5.2.14. They are not, however,
absolutely convergent, and their Cauchy’s product is divergent (see Exercise
5.22).

5.3. SEQUENCES AND SERIES OF FUNCTIONS
All the sequences and series considered thus far in this chapter had constant
terms. We now extend our study to sequences and series whose terms are

functions of x.

Definition 5.3.1. Let {f,(x)};_, be a sequence of functions defined on a
set D CR.
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1. If there exists a function f(x) defined on D such that for every x in D,
lim £,(x) =/(x).

then the sequence {f,(x)};_, is said to converge to f(x) on D. Thus for
a given e> 0 there exists an integer N such that |f,(x) —f(x)| <e if
n> N. In general, N depends on € as well as on x.

2. It X7 _, f.(x) converges for every x in D to s(x), then s(x) is said to be
the sum of the series. In this case, for a given e€> 0 there exists an
integer N such that

[s,(x) —s(x)|<e ifn>N,

where s,(x) is the nth partial sum of the series X,_, f,(x). The integer
N depends on e and, in general, on x also.

3. In particular, if N in (1) depends on e but not on x € D, then the
sequence {f,(x)};,_, is said to converge uniformly to f(x) on D.
Similarly, if N in (2) depends on €, but not on x € D, then the series
Yo _, f.(x) converges uniformly to s(x) on D. O

The Cauchy criterion for sequences (Theorem 5.1.6) and its application to
series (Theorem 5.2.1) apply to sequences and series of functions. In case of
uniform convergence, the integer N described in this criterion depends only
on €.

Theorem 5.3.1. Let {f (x)f’_, be a sequence of functions defined on
D CR and converging to f(x). Define the number A, as

A, = Suglfn(X) —f(x)].

Then the sequence converges uniformly to f(x) on D if and only if A, — 0 as
n— o,

Proof. Sufficiency: Suppose that A, — 0 as n — . To show that f,(x) —
f(x) uniformly on D. Let €> 0 be given. Then there exists an integer N such
that for n > N, A, < e. Hence, for such values of n,

[£u(x) —f(x)| <A, <e

for all x € D. Since N depends only on €, the sequence {f,(x)};_, converges
uniformly to f(x) on D.

Necessity: Suppose that f,(x) — f(x) uniformly on D. To show that A, — 0.
Let €> 0 be given. There exists an integer N that depends only on € such
that for n > N,

[£,(0) =1(0)] < 5
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for all x € D. It follows that

N m

Ay = sup [ f,(x) —f(x)| =

x€D

Thus A, — 0 as n — o, O
Theorem 5.3.1 can be applied to convergent series of functions by replac-
ing f,(x) and f(x) with s,(x) and s(x), respectively, where s,(x) is the nth

partial sum of the series and s(x) is its sum.

ExampLE 5.3.1. Let f(x)=sinQmx/n), 0<x<1. Then f,(x)—=0 as
n — o, Furthermore,

27X
sin(—)
n

In this case,

A, = sup

n
O<x<l1

27X
sin( e )

Thus A, — 0 as n — o, and the sequence {f,(x)};_, converges uniformly to
f(x)=0 on [0,1].

The next theorem provides a simple test for uniform convergence of series
of functions. It is due to Karl Weierstrass (1815-1897).

Theorem 5.3.2 (Weierstrass’s M-test). Let ¥,_, f,(x) be a series of func-
tions defined on D C R. If there exists a sequence {M,),_, of constants such

that

|fn(x)|SMn7 n=]"2”"'7

for all x € D, and if X7 _, M,, converges, then X _, f,(x) converges uniformly
on D.

Proof. Let €> 0 be given. By the Cauchy criterion (Theorem 5.2.1), there
exists an integer N such that

n
Y M <e

i=m+1
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for all n > m > N. Hence, for all such values of m, n, and for all x €D,

Y x| X 1fi(x)]
i=m+1 i=m+1
< i M <e
i=m+1

This implies that X7 _, f,(x) converges uniformly on D by the Cauchy
criterion. O

We note that Weierstrass’s M-test is easier to apply than Theorem 5.3.1,
since it does not require specifying the sum s(x) of the series.

ExAMPLE 5.3.2. Let us investigate convergence of the sequence {f,(x)};_,,
where f,(x) is defined as

1
2x+—, 0<x<1,
n
X
fu(x) = exp(—), 1<x<2,
n
1
1-—, x>2
n
This sequence converges to
_J2x, 0O0=<x<1,
f(x)_{l, x>1.
Now,
1/n, 0<x<1,
| £,(x) —f(x) | = { exp(x/n) ~ 1, 1=x<2,
1/n, x=2.

However, for 1 <x <2,

exp(x/n) —1<exp(2/n) — 1.

Furthermore, by Maclaurin’s series expansion,

on2)-1- ¥
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Thus,
sup | f,(x) —f(x)[=exp(2/n) — 1,

0<x<w

which tends to zero as n — «. Therefore, the sequence {f,(x)};_, converges
uniformly to f(x) on [0, ).

ExAMPLE 5.3.3. Consider the series L7 _, f,(x), where

n

X
=—, O<x<l1.
fn(x) n3+nxn X

The function f,(x) is monotone increasing with respect to x. It follows that
for0<x <1,

| f(x) [=£u(x) < n=12,....

nw4+n’
But the series Y7;_,[1/(n® + n)] is convergent. Hence, X7_, f,(x) is uniformly
convergent on [0, 1] by Weierstrass’s M-test.

5.3.1. Properties of Uniformly Convergent Sequences and Series

Sequences and series of functions that are uniformly convergent have several
interesting properties. We shall study some of these properties in this section.

Theorem 5.3.3. Let {f,(x)f,_, be uniformly convergent to f(x) on a set
D. If for each n, f,(x) has a limit 7, as x —x,, where x, is a limit point of
D, then the sequence {7,};,_, converges to 7, =1lim,_,, f(x). This is equiva-
lent to stating that

lim [ lim f,(x)

n—o® | x-ox

= lim [ lim fn(x)].
x-xgln—ooew
Proof. Let us first show that {r,};_, is a convergent sequence. By the

Cauchy criterion (Theorem 5.1.6), there exists an integer N such that for a
given € > 0,

| fn(X) —fn(x)|<§ forall m >N, n>N. (5.45)

The integer N depends only on €, and inequality (5.45) is true for all x € D,
since the sequence is uniformly convergent. By taking the limit as x —x, in
(5.45) we get

ifm>N,n>N,

N m

T, — T, <
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which indicates that {r,}7_, is a Cauchy sequence and is therefore conver-
gent. Let 7, =lim,, _, ., 7,. We now need to show that f(x) has a limit and that
this limit is equal to 7,. Let € > 0 be given. There exists an integer N, such
that for n > N,

£ =f0)] < 5

for all x € D, by the uniform convergence of the sequence. Furthermore,
there exists an integer N, such that

€
|T”_T°|<Z if n>N,.
Thus for n > max(N,, N,),

€
1) = 1) |+ 17, =l < 5
for all x € D. Then

[£(x) = mo [ <[ f(x) =) [+ [fu(x) =7 |+ 17— 7o |

<) =7+ (5.46)

if n> max(N,, N,) for all x € D. By taking the limit as x = x, in (5.46) we
get

(5.47)

N m

lim f(x) — 7,

XX

<

by the fact that

lim |f,(x) —7,|=0 forn=1,2,....
X=X

Since € is arbitrarily small, inequality (5.47) implies that

lim f(x) =7,. m|

X=xg

Corollary 5.3.1. Let { fn(x)}f=1 be a sequence of continuous functions
that converges uniformly to f(x) on a set D. Then f(x) is continuous on D.

Proof. The proof follows directly from Theorem 5.3.3, since 7, = f,(x,) for
n>1and 7, =1lim,_ .7, =lim,_ . f,(x,) =f(xy). O
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Corollary 5.3.2. Let ¥,_, f,(x) be a series of functions that converges
uniformly to s(x) on a set D. If for each n, f,(x) has a limit 7, as x —x,,
then the series ¥;,_;7, converges and has a sum equal to s, =lim, _, , s(x),
that is,

lim ifn(x)= i lim f,(x).
n=1*"%o

N
¥2X0 p=1

Proof. The proof is left to the reader. O

By combining Corollaries 5.3.1 and 5.3.2 we conclude the following corol-
lary:

Corollary 5.3.3. Let ¥,_, f,(x) be a series of continuous functions that
converges uniformly to s(x) on a set D. Then s(x) is continuous on D.

ExXAMPLE 5.3.4. Let f,(x) =x?/(1 +x?)"~! be defined on [1,%) for n > 1.
Let s5,(x) be the nth partial sum of the series X,_, f,(x). Then,

1
n x? - (1 +x2)n
(1) = & —— | )
! o1 (1+x2)! 1
1= 1 +x?

by using the fact that the sum of the finite geometric series ¥ _,a*"! is

1-a"

i a1 = . (5.48)

k=1 l-a

Since 1/(1 +x%) <1 for x> 1, then as n — o,

sy(x) > ——F— =1+x%

Thus,
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Now, let x, =1, then

o0 xz o0 1 1
Y. lim — =) —= =2
n=1 %1 (1 +x2) ! n=1 2"t 1_%
— lim (1 +x2),
x—1

which results from applying formula (5.48) with a =1 and then letting
n — o, This provides a verification to Corollary 5.3.2. Note that the series
Y _, f,(x) is uniformly convergent by Weierstrass’s M-test (why?).

Corollaries 5.3.2 and 5.3.3 clearly show that the properties of the function
f,(x) carry over to the sum s(x) of the series X’ _, f,(x) when the series is
uniformly convergent.

Another property that s(x) shares with the f,(x)’s is given by the following
theorem:

Theorem 5.3.4. Let ¥,_, f,(x) be a series of functions, where f,(x) is
differentiable on [a, b] for n > 1. Suppose that ¥,_, f,(x) converges at least
at one point x, € [a, b] and that ¥ _, f/(x) converges uniformly on [a, b].
Then we have the following:

1. Xo_, f,(x) converges uniformly to s(x) on [a, b].
2. s'(x)=X7_, fix), that is, the derivative of s(x) is obtained by a
term-by-term differentiation of the series X _, f,(x).

Proof.

1. Let x #x, be a point in [a, b]. By the mean value theorem (Theorem
4.2.2), there exists a point £, between x and x, such that for n > 1,

Fu(x) = fulxo) = (x = x0) (&) (5.49)

Since X7 _, f7(x) is uniformly convergent on [a, b], then by the Cauchy
criterion, there exists an integer N such that

> f)

i=m+1

€
<—
b—a

for all n >m > N and for any x €[a, b]. From (5.49) we get

‘ )y [fz(x) _fi(x(])]‘=|x_x0| b f1(&)
i=m+1 i=m+1
< = lx — x|

<e€e
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for all n >m > N and for any x € [a, b]. This shows that
T [£(0) ~£i(x)]
is uniformly convergent on D. Consequently,
T 10 = T [0 )] 5()

is uniformly convergent to s(x) on D, where s(x,) is the sum of the
series X _, f,(x,), which was assumed to be convergent.

2. Let ¢,(h) denote the ratio

fullx + 1) —f(x)
5 :

¢n(h)= n=1,2,...,

where both x and x + 4 belong to [a, b]. By invoking the mean value
theorem again, ¢,(h) can be written as

¢, (h) =f,(x+ 6,h), n=1,2,...,

where 0 < 6, <1. Furthermore, by the uniform convergence of
Xy f(x) we can deduce that ¥ _, ¢,(h) is also uniformly convergent
on [—r, r] for some r > 0. But

* * x+h)—f,(x
5 gy 5 B A0
n=1 n=1

s(x+h) —s(x)

-—, (5.50)

where s(x) is the sum of the series ¥,_, f,(x). Let us now apply
Corollary 5.3.2 to X, _, ¢,(h). We get

Jim % 4,(h) = X Jim ,(h). (5.51)

From (5.50) and (5.51) we then have

. s(x+h)—s(x)
h—0 h

= X fi(x).
n=1
Thus,

(x) = if,i(X)- 0
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5.4. POWER SERIES

A power series is a special case of the series of functions discussed in Section
53. It is of the form Y7 _,a,x", where the a,’s are constants. We have
already encountered such series in connection with Taylor’s and Maclaurin’s
series in Section 4.3.

Obviously, just as with any series of functions, the convergence of a power
series depends on the values of x. By definition, if there exists a number
p> 0 such that X;_,a,x" is convergent if [x| < p and is divergent if |x| > p,
then p is said to be the radius of convergence of the series, and the interval
(—p, p) is called the interval of convergence. The set of all values of x for
which the power series converges is called its region of convergence.

The definition of the radius of convergence implies that X _,a,x" is
absolutely convergent within its interval of convergence. This is shown in the
next theorem.

Theorem 5.4.1. Let p be the radius of convergence of X _,a,x". Sup-
pose that p>0. Then X,_,a,x" converges absolutely for all x inside the
interval (—p, p).

Proof. Let x be such that |x| < p. There exists a point x, € (—p, p) such
that |x| <|x,l. Then, X7 _,a,x] is a convergent series. By Result 5.2.1,
a,x) = 0as n— o, and hence {a,x});_, is a bounded sequence by Theorem

5.1.1. Thus

la,xj| <K for all n.

Now,
n
n x n
la,x"| =|a, x—o xg
<K17n’
where
b
n=|—|<1
Xo

0

Since the geometric series X, _,n" is convergent, then by the comparison test
(see Theorem 5.2.4), the series X,_,la,x"| is convergent. O

To determine the radius of convergence we shall rely on some of the tests
of convergence given in Section 5.2.1.

Theorem 5.4.2. Let X7 _,a,x" be a power series. Suppose that

(]

lim

n—ow

=p‘
an
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Then the radius of convergence of the power series is

1/p, 0<p <o,

p=10, p =,
», p=0.

Proof. The proof follows from applying the ratio test given in Theorem
5.2.6 to the series X, _,la,x"|: We have that if

n+1
. Ay X
lim |——

n—o

n < 1’
a,x

then X7 _,a,x" is absolutely convergent. This inequality can be written as
plxl <1. (5.52)

If 0 <p <o, then absolute convergence occurs if |x| <1/p and the series
diverges when |x| > 1/p. Thus p=1/p. If p =, the series diverges when-
ever x # 0. In this case, p=0. If p =0, then (5.52) holds for any value of x,
that is, p = . O

Theorem 5.4.3. Let ¥ _,a,x" be a power series. Suppose that

lim sup Ianll/" =q.

n—ow

Then,

1/q, 0<g <o,
p= 07 q =,
o, q=0.

Proof. This result follows from applying the root test in Theorem 5.2.8 to
the series X,_,la,x"|. Details of the proof are similar to those given in
Theorem 5.4.2. O

The determination of the region of convergence of X,_,a,x" depends on
the value of p. We know that the series converges if |x| < p and diverges if
|x| > p. The convergence of the series at x=p and x= —p has to be
determined separately. Thus the region of convergence can be (—p, p),

[_pa p)a (_P, P], or [_Pa p]

ExampPLE 5.4.1. Consider the geometric series X, _, x". By applying either
Theorem 5.4.2 or Theorem 5.4.3, it is easy to show that p= 1. The series
diverges if x =1 or —1. Thus the region of convergence is (—1,1). The sum
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of this series can be obtained from formula (5.48) by letting n go to infinity.
Thus

-1<x<1. (5.53)

oo
Y x"=
n=0

EXAMPLE 5.4.2. Consider the series X7,_,(x"/n!). Here,

. an+1 . f’l'
lim = lim —
n—w an n—o (I’l+ 1)'
1
= lim =0.
noo n—+1

Thus p =, and the series converges absolutely for any value of x. This
particular series is Maclaurin’s expansion of e*, that is,

oo

x"
Z_
oo 1!

EXAMPLE 5.4.3. Suppose we have the series X _,(x" /n). Then

n

= lim

_1’
n-oo n+1

lim

n—ow

a,

and p= 1. When x =1 we get the harmonic series, which is divergent. When
x= —1 we get the alternating harmonic series, which is convergent by
Theorem 5.2.14. Thus the region of convergence is [—1, 1).

In addition to being absolutely convergent within its interval of conver-
gence, a power series is also uniformly convergent there. This is shown in the
next theorem.

Theorem 5.4.4. Let X7_,a,x" be a power series with a radius of conver-
gence p (> 0). Then we have the following:

1. The series converges uniformly on the interval [ —r, r], where r < p.

2. If s(x)=X,_ya,x", then s(x) (i) is continuous on [—r,r]; (ii) is
differentiable on [—r, r] and has derivative

s'(x) =) na,x""', —r<x<r;
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and (iii) has derivatives of all orders on [—r, r] and

d*s(x) < a,n!

L (n—k)"

o n-k k=1,2,...,—r<x<r.
n

Proof.

1. If |x| <r, then |a,x"| <|a,|r" for n>0. Since ¥,_la,|r" is conver-
gent by Theorem 5.4.1, then by the Weierstrass M-test (Theorem 5.3.2),
Y _pa,x" is uniformly convergent on [—r, r].

2. (i) Continuity of s(x) follows directly from Corollary 5.3.3. (ii) To show
this result, we first note that the two series Y7 _,a,x" and X7 _ na,x" "
have the same radius of convergence. This is true by Theorem 5.4.3 and
the fact that

lim sup |na,,| Vn— lim sup Ianll/”,

n—ow n—o
since lim,, ,,, n'/" =1 as n — «. We can then assert that ¥7;_, na,x" "
is uniformly convergent on [—r, r]. By Theorem 5.3.4, s(x) is differen-
tiable on [—r,r], and its derivative is obtained by a term-by-term
differentiation of X, _,a,x". (iii) This follows from part (ii) by repeated
differentiation of s(x). O

Under a certain condition, the interval on which the power series con-
verges uniformly can include the end points of the interval of convergence.
This is discussed in the next theorem.

Theorem 5.4.5. Let X _,a,x" be a power series with a finite nonzero
radius of convergence p. If X7 _,a, p" is absolutely convergent, then the
power series is uniformly convergent on [—p, p].

Proof. The proof is similar to that of part 1 of Theorem 5.4.4. In this case,
for |x| <p,la,x"| <la,lp". Since X7_,la,lp” is convergent, then ¥ _,a,x"
is uniformly convergent on [ —p, p] by the Weierstrass M-test. O

EXAMPLE 5.4.4. Consider the geometric series of Example 5.4.1. This
series is uniformly convergent on [—r,r], where r < 1. Furthermore, by
differentiating the two sides of (5.53) we get

1

-, —l<x<l
(1-x)

o)
Z nxnfl
n=1
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This provides a series expansion of 1,/(1 —x)? within the interval (—1,1). By
repeated differentiation it is easy to show that for —1 <x <1,

1 - n+k—1)
— = " k=1,2,....
(l—x)k n;o( n g

The radius of convergence of this series is p = 1, the same as for the original
series.

EXAMPLE 5.4.5. Suppose we have the series

Lo ()

Si2nt+nl\l—x

which can be written as

o

)»

n=1

Zn

2n*+n’

where z=2x/(1 —x). This is a power series in z. By Theorem 5.4.2, the
radius of convergence of this series is p=1. We note that when z=1 the
series Y-_,[1/(2n* +n)] is absolutely convergent. Thus by Theorem 5.4.5,
the given series is uniformly convergent for |z| <1, that is, for values of x
satisfying

NS
[—y
|
=
| =

or equivalently,

W=

5.5. SEQUENCES AND SERIES OF MATRICES

In Section 5.3 we considered sequences and series whose terms were scalar
functions of x rather than being constant as was done in Sections 5.1 and 5.2.
In this section we consider yet another extension, in which the terms of the
series are matrices rather than scalars. We shall provide a brief discussion of
this extension. The interested reader can find a more detailed study of this
topic in Gantmacher (1959), Lancaster (1969), and Graybill (1983). As in
Chapter 2, all matrix elements considered here are real.

For the purpose of our study of sequences and series of matrices we first
need to introduce the norm of a matrix.
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Definition 5.5.1. Let A be a matrix of order m X n. A norm of A, denoted
by IlAll, is a real-valued function of A with the following properties:

. IAll=0, and |[|All= 0 if and only if A = 0.

. llcAll=|cll|All, where c is a scalar.

. IA+ Bl <|lAll + |IB|l, where B is any matrix of order m X n.

. IACII < IAllC|l, where C is any matrix for which the product AC is
defined. O

AW N -

If A =(a,), then examples of matrix norms that satisfy properties 1, 2, 3,
and 4 include the following:

1. The Euclidean norm, [|A|l, = (X7, Zyzla%)”z.
2. The spectral norm, [|All; =[e,,, (A’A)]"/?, where e, (A’A) is the largest
eigenvalue of A'A.

Definition 5.5.2. Let A, =(a,;) be matrices of orders m Xn for k> 1.
The sequence {AJ;_, is said to converge to the m Xn matrix A=(a;;) if

limkﬁma,-jk=a,-jfori=1,2,...,m;j=1,2,...,n. O

For example, the sequence of matrices

1 1 ) k—1
k K k+1
Ak_ k2 N k=1,2,,...,
2 0
2—k*

converges to

as k — o, The sequence

| =

1+k

does not converge, since k* — 2 goes to infinite as k — .
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From Definition 5.5.2 it is easy to see that {A,};_, converges to A if and
only if
lim |[A, —All=0,

k— o

where [|-]| is any matrix norm.

Definition 5.5.3. Let {A,};_, be a sequence of matrices of order m X n.
Then Y;_,A, is called an infinite series (or just a series) of matrices. This
series is said to converge to the m X n matrix S = (s;;) if and only if the series

izlaijk converges for all i=1,2,...,m; j=1,2,...,n, where ik is the
(i, ))th element of A, and

2 a4 =S, i=1,2,....m;j=1,2,...,n. (5.54)
k=1

The series X;_;A, is divergent if at least one of the series in (5.54) is
divergent. O

From Definition 5.5.3 and Result 5.2.1 we conclude that X7 _, A, diverges
if lim, _, . a;;, # 0 for at least one pair (i, j), that is, if lim, . A, # 0.

A particular type of infinite series of matrices is the power series
i _o o, A¥, where A is a square matrix, «, is a scalar (k=0,1,...), and A’ is
by definition the identity matrix I. For example, the power series

1 1 1
I+A+ A+ A+ -+ — A+
2! 3! k!

represents an expansion of the exponential matrix function exp(A) (see
Gantmacher, 1959).

Theorem 5.5.1. Let A be an n X n matrix. Then lim, _ , A* =0 if [|A]| <1,
where ||-]| is any matrix norm.

Proof. From property 4 in Definition 5.5.1 we can write

IA I <IIAl%,  k=1,2,....

Since [|All < 1, then lim, _, || A[| = 0, which implies that lim _, ,, A* = 0 (why?).
Oa

Theorem 5.5.2. Let A be a symmetric matrix of order n X n such that
[Nl <1 for i=1,2,...,n, where A, is the ith eigenvalue of A (all the
cigenvalues of A are real by Theorem 2.3.5). Then Y_,A* converges to
ax-a-.
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Proof. By the spectral decomposition theorem (Theorem 2.3.10) there
exists an orthogonal matrix P such that A=PAP’, where A is a diagonal
matrix whose diagonal elements are the eigenvalues of A. Then

Af = PAFP’, k=0,1,2,....

Since |\ <1 for all i, then A* — 0 and hence A* — 0 as k — %. Further-
more, the matrix I — A is nonsingular, since

I-A=P(I1-A)P

and all the diagonal elements of I — A are positive.
Now, for any nonnegative integer k we have the following identity:

(I-A)(IT+A+A+ - +A) =T AL
Hence,
I+A+ - +A = (1-A) " (I- A1),

By letting k& go to infinity we get

A=(1-A)",

»
i1

since lim, _, ., A**1 = 0. O

Theorem 5.53. Let A be a symmetric » Xn matrix and A be any
eigenvalue of A. Then | Al <||All, where ||A|| is any matrix norm of A.

Proof. We have that Av = Av, where v is an eigenvector of A for the
eigenvalue A. If ||All is any matrix norm of A, then

IAvil = [ Alllvll =l Av] < [|Allllv]].
Since v # 0, we conclude that
[Al <[IAll O

Corollary 5.5.1. Let A be a symmetric matrix of order n X n such that
|All < 1, where [|All is any matrix norm of A. Then Y;_,A* converges to
ax-Aa-.

Proof. This result follows from Theorem 5.5.2, since for i=1,2,...,n,
Inl <llAll< 1. ]
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5.6. APPLICATIONS IN STATISTICS

Sequences and series have many useful applications in statistics. Some of
these applications will be discussed in this section.

5.6.1. Moments of a Discrete Distribution

Perhaps one of the most visible applications of infinite series in statistics is in
the study of the distribution of a discrete random variable that can assume a
countable number of values. Under certain conditions, this distribution can
be completely determined by its moments. By definition, the moments of a
distribution are a set of descriptive constants that are useful for measuring its

properties.
Let X be a discrete random variable that takes on the wvalues
X X1s+-vsX,, ..., With probabilities p(n), n > 0. Then, by definition, the kth

central moment of X, denoted by u,, is

uk=E[<X—m"]=§0<xn—u>kp<n>, k=12,...,

where pu=E(X)=YX%_,x,p(n) is the mean of X. We note that u,=0c? is
the variance of X. The kth noncentral moment of X is given by the series

w,=E(X*) =Y xkp(n), k=1,2,.... (5.55)
n=0

We note that | = u. If, for some integer N, |x,| =1 for n > N, and if the
series in (5.55) converges absolutely, then so does the series for w; (j =
1,2,...,k —1). This follows from applying the comparison test:

Ixnljp(n)slxnlkp(n) if j <k and n> N.

Examples of discrete random variables with a countable number of values
include the Poisson (see Section 4.5.3) and the negative binomial. The latter
random variable represents the number n of failures before the rth success
when independent trials are performed, each of which has two probability
outcomes, success or failure, with a constant probability p of success on each
trial. Its probability mass function is therefore of the form

n+r—1

" )P’(l -p)".  n=0,12,....

p(n) =(
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By contrast, the Poisson random variable has the probability mass function

e "
p(n) = Y n=0,1,2,...,

where A is the mean of X. We can verify that A is the mean by writing

o e*/\)\ﬂ
p= Yy n—
n=0 n
o )\n—l
=Xe™?
n=1 (n - 1)'
=<} )\n
=le ) —
o !
=Xe *(e*), by Maclaurin’s expansion of e*
= A

The second noncentral moment of the Poisson distribution is

/ o0 ze—A/\n
Mo = n
n=0 n!
)\nfl

=eMY n——
; (n—=1)!
[ee} n—1

—e MY (n—141)——
n=1 (I’l—l)'

o )\n72 © nfl
=e A )Y + Yy —

n=2 ”_2)' n=1 (”_1)'
=e N[ Ae* +e?]
=1+

In general, the kth noncentral moment of the Poisson distribution is given by
the series

= e_)‘/\"

, k=1,2,...,
n!
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which converges for any k. This can be shown, for example, by the ratio test

. an+1 . n+1 , A
lim = lim
n—ow an n—w n I’l-‘rl
=0<1.

Thus all the noncentral moments of the Poisson distribution exist.
Similarly, for the negative binomial distribution we have

=% n(" e 1)p’(l -p)"

n=0

r(l1-—
TP e, (5.56)
p
’ - +r—1 r n
W= % nz(” ’ )p (1-p)
n=0
r(l-p)(1+r-—
_rAmpUArmm) e (5.57)
p
and the kth noncentral moment,
1, = an(“;‘l)pru—p)”, k=1,2,..., (5.58)
n=0

exists for any k, since, by the ratio test,

n+1 k(n+r)
an+1 . n l’l+1
lim —— = lim 1-
n—o» @, n—o (n+r—1) ( p)
n

. i n+1\*/ n+r
= —p)nlirgn( n )(n+1)

=1-p<1,

which proves convergence of the series in (5.58).
A very important inequality that concerns the mean u and variance o of
any random variable X (not just the discrete ones) is Chebyshev’s inequality,
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namely,

1
P(IX—ul 2ro) <—,
.

or equivalently,
1
P(IX—pl <ro)=1-—, (5.59)
r

where r is any positive number (see, for example, Lindgren, 1976, Section
2.3.2). The importance of this inequality stems from the fact that it is
independent of the exact distribution of X and connects the variance of X
with the distribution of its values. For example, inequality (5.59) states that at
least (1 —1/7%) X 100% of the values of X fall within ro from its mean,
where o=V ? is the standard deviation of X.

Chebyshev’s inequality is a special case of a more general inequality called
Markov’s inequality. If b is a nonzero constant and h(x) is a nonnegative
function, then

Plh(X)=b*] < %E[h(X)],

provided that E[A(X)] exists. Chebyshev’s inequality follows from Markov’s
inequality by choosing A(X) = (X — w)*.

Another important result that concerns the moments of a distribution is
given by the following theorem, regarding what is known as the Stieltjes
moment problem, which also applies to any random variable:

Theorem 5.6.1. Suppose that the moments ), (k=1,2,...) of a random
variable X exist, and the series

=

ki
T (5.60)

b

[ee]
)
k=1

is absolutely convergent for some 7> 0. Then these moments uniquely
determine the cumulative distribution function F(x) of X.

Proof. See, for example, Fisz (1963, Theorem 3.2.1). O
In particular, if
|l <M*,  k=1,2,...,

for some constant M, then the series in (5.60) converges absolutely for any
7> 0 by the comparison test. This is true because the series X;_,(M* /k!)7k
converges (for example, by the ratio test) for any value of 7.
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It should be noted that absolute convergence of the series in (5.60) is a
sufficient condition for the unique determination of F(x), but is not a
necessary condition. This is shown in Rao (1973, page 106). Furthermore,
if some moments of X fail to exist, then the remaining moments that do exist
cannot determine F(x) uniquely. The following counterexample is given in
Fisz (1963, page 74):

Let X be a discrete random variable that takes on the values x, = 2" /n?,
n > 1, with probabilities p(n) =1/2", n > 1. Then

> 1
p=E(X)= Z pet

which exists, because the series is convergent. However, u’, does not exist,
because
2 - 2
=E(X") = Z pr)

and this series is divergent, since 2" /n* — % as n — .

Now, let Y be another discrete random variable that takes on the value
zero with probability 3 and the values y, =2""! /n?, n > 1, with probabilities
q(n)=1/2""' n>1. Then,

|
E(Y)= Z Pl =E(X).

The second noncentral moment of Y does not exist, since

n+1

-E()- ¥

and this series is divergent.

Since w, does not exist for both X and Y, none of their noncentral
moments of order k> 2 exist either, as can be seen from applying the
comparison test. Thus X and Y have the same first noncentral moments, but
do not have noncentral moments of any order greater than 1. These two
random variables have obviously different distributions.

5.6.2. Moment and Probability Generating Functions

Let X be a discrete random variable that takes on the values x,, x;, x,,...
with probabilities p(n), n > 0.

The Moment Generating Function of X

This function is defined as

6 = E(e) = X ep(r) (561)



APPLICATIONS IN STATISTICS 187

provided that the series converges. In particular, if x, =n for n > 0, then
o(t) = X e"p(n), (5.62)
n=0

which is a power series in e'. If p is the radius of convergence for this series,
then by Theorem 5.4.4, ¢(¢) is a continuous function of ¢ and has derivatives
of all orders inside its interval of convergence. Since

d“p(1)
dt*  i-o

=E(X"=w, k=12,..., (5.63)

¢(t), when it exists, can be used to obtain all noncentral moments of X,
which can completely determine the distribution of X by Theorem 5.6.1.

From (5.63), by using Maclaurin’s expansion of ¢(¢), we can obtain an
expression for this function as a power series in ¢:

H(1)=9(0) + £ 4(0)
n=1"""
1+ Y B, (5.64)

Let us now go back to the series in (5.62). If

p(n+1) _
noe o p(n)

then by Theorem 5.4.2, the radius of convergence p is
I/p, 0<p<w,
p=10, p=,
o, p=0.
Alternatively, if limsup, _, [ p(n)]'/" = g, then
1/q, 0<g <,

p= 07 q=>,
o0, q=0.
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For example, for the Poisson distribution, where

e "
p(n) = T n=0,1,2,...,

we have lim,,_, [ p(n +1)/p(n)] =lim, _, [A/(n + 1)] = 0. Hence, p = o, that
is,

7)Ln

6= X 5

converges uniformly for any value of ¢ for which e’ < o, that is, —o <t < o,
As a matter of fact, a closed-form expression for ¢(¢) can be found, since

© Aet

d)=e L ( )

=e "exp(Ae')
=exp(Ae’ —A) for all ¢. (5.65)

The kth noncentral moment of X is then given by

d*(t) d*(xe' — 1))
dt* t=0 B dt* t=0'

My =

In particular, the first two noncentral moments are
My =p=A,
= A+ A%
This confirms our earlier finding concerning these two moments.
It should be noted that formula (5.63) is valid provided that there exists a

8> 0 such that the neighborhood N;(0) is contained inside the interval of
convergence. For example, let X have the probability mass function

p(n)=ﬂ_§n2, n=1,2,....
Then
p(n+1)
s p(n)

Hence, by Theorem 5.4.4, the series

8

Mf=
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converges uniformly for values of ¢ satisfying e’ <r, where r < 1, or equiva-
lently, for ¢ <logr<0. If, however, ¢ >0, then the series diverges. Thus
there does not exist a neighborhood N;(0) that is contained inside the
interval of convergence for any § > 0. Consequently, formula (5.63) does not
hold in this case.

From the moment generating function we can derive a series of constants
that play a role similar to that of the moments. These constants are called
cumulants. They have properties that are, in certain circumstances, more
useful than those of the moments. Cumulants were originally defined and
studied by Thiele (1903).

By definition, the cumulants of X, denoted by ki, k,,..., K
constants that satisfy the following identity in ¢:

are

noeee

Kyt? K,t"
+ cee +
2! n!

exp| x,t + 4o

’ !

_ ’ &2 eee ﬂn
—1+,u1t+2!l+ +n!t + (5.66)

Using formula (5.64), this identity can be written as

]

Y et = log (1), (5.67)

n=1

provided that ¢(¢) exists and is positive. By definition, the natural logarithm
of the moment generating function of X is called the cumulant generating
function.

Formula (5.66) can be used to express the noncentral moments in terms of
the cumulants, and vice versa. Kendall and Stuart (1977, Section 3.14) give a
general relationship that can be used for this purpose. For example,

Ky = My
! /2
Ky = My = My
' ro 3
Ky = M3 = 3y + 207
The cumulants have an interesting property in that they are, except for «,

invariant to any constant shift ¢ in X. That is, for n=2,3,...,k, is not
changed if X is replaced by X + ¢. This follows from noting that

E[er1] = (1),
which is the moment generating function of X + c. But

log[ e“p ()] = ct + log ¢(1).
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By comparison with (5.67) we can then conclude that except for «,, the
cumulants of X + ¢ are the same as those of X. This contrasts sharply with
the noncentral moments of X, which are not invariant to such a shift.

Another advantage of using cumulants is that they can be employed to
obtain approximate expressions for the percentile points of the distribution
of X (see Section 9.5.1).

EXAMPLE 5.6.1. Let X be a Poisson random variable whose moment
generating function is given by formula (5.65). By applying (5.67) we get

oo

Kn n t
Y it = log[exp( Ae' — 1)]

n=1

Ael — A

o tn
=AYy —.
n:]”'

Here, we have made use of Maclaurin’s expansion of e’. This series converges
for any value of ¢. It follows that x, = A for n=1,2,....
The Probability Generating Function

This is similar to the moment generating function. It is defined as

(1) =E(%) = ¥ tep(n).

n=0

In particular, if x, =n for n > 0, then
y(t)= X t"p(n), (5.68)
n=0

which is a power series in ¢. Within its interval of convergence, this series
represents a continuous function with derivatives of all orders. We note that
(0) = p(0) and that

1 d'y(1)
SR k), k=1,2..... 5.69
K dr ey P o e

Thus, the entire probability distribution of X is completely determined by
P(o).

The probability generating function is also useful in determining the
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moments of X. This is accomplished by using the relation

dkngct) _ in(n_l)...(n_kJrl)p(n)
2 T

—E[X(X-1)(X—k+1)]. (5.70)

The quantity on the right-hand side of (5.70) is called the kth factorial
moment of X, which we denote by 6,. The noncentral moments of X can be
derived from the 6,’s. For example,

wy = 6y,

Mo =0,+ 0,

Wy =0;+30,+0,,

Wy =6, + 660, +70,+6,.
Obviously, formula (5.70) is valid provided that ¢ =1 belongs to the interval
of convergence of the series in (5.68).

If a closed-form expression is available for the moment generating func-

tion, then a corresponding expression can be obtained for #(¢) by replacing

e' with ¢. For example, from formula (5.65), the probability generating
function for the Poisson distribution is given by (¢) = exp(At — ).

5.6.3. Some Limit Theorems

In Section 3.7 we defined convergence in probability of a sequence of
random variables. In Section 4.5.1 convergence in distribution of the same
sequence was introduced. In this section we introduce yet another type of
convergence.

Definition 5.6.1. A sequence {X,};_, of random variables converges in
quadratic mean to a random variable X if

lim E(X, —X)*=0.

n—ow
This convergence is written symbolically as X, 4 X, |
Convergence in quadratic mean implies convergence in probability. This
.m.
follows directly from applying Markov’s inequality: If X, A x , then for any
e> 0,

1
P(IX,-X| =€) < SE(X,—X)'>0
€

as n — . This shows that the sequence {X,J;_, converges in probability
to X.
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5.6.3.1. The Weak Law of Large Numbers (Khinchine’s Theorem)

Let {X;}_, be a sequence of independent and identically distributed random
variables with a finite mean w. Then X, converges in probability to w as
n — », where X, =(1/n)X}_, X, is the sample mean of a sample of size n.

Proof. See, for example, Lindgren (1976, Section 2.5.1) or Rao (1973,
Section 2c¢.3). O

Definition 5.6.2. A sequence {X,};_, of random variables converges

n=1

strongly, or almost surely, to a random variable X, written symbolically as
X, 25 X, if for any € > 0,

lim P( sup | X, — XI >e)=0. O
N—oo n>N

Theorem 5.6.2. Let {Xn}f=1 be a sequence of random variables. Then we
have the following:

1. If X, =% ¢, where c is constant, then X, converges in probability to c.
.m. . - S.
2. If X, 4™, ¢, and the series Y2_,E(X, —c)? converges, then X, ~>>c.

5.6.3.2. The Strong Law of Large Numbers (Kolmogorov’s Theorem)

Let {X,J7_, be a sequence of independent random variables such that
E(X,)=pu, and Var(X,) =0, n=1,2,.... If the series ¥;_, 0,>/n* con-
verges, then X, =57, , where 1, = (1/n)X", ;.

Proof. See Rao (1973, Section 2c.3). O

5.6.3.3. The Continuity Theorem for Probability Generating Functions

See Feller (1968, page 280).

Suppose that for every k > 1, the sequence {p,(n)}f;_, represents a dis-
crete probability distribution. Let ¢, (¢) = ¥,_,t"p,(n) be the corresponding
probability generating function (k =1,2,...). In order for a limit

9. = ]}EI}Opk(n)
to exist for every n=0,1,..., it is necessary and sufficient that the limit

#(6) = lim (1)
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exist for every ¢ in the open interval (0, 1). In this case,
y(1) = X t"q,.
n=0

This theorem implies that a sequence of discrete probability distributions
converges if and only if the corresponding probability generating functions
converge. It is important here to point out that the ¢,’s may not form a
discrete probability distribution (because they may not sum to 1). The
function (¢) may not therefore be a probability generating function.

5.6.4. Power Series and Logarithmic Series Distributions

The power series distribution, which was introduced by Kosambi (1949),
represents a family of discrete distributions, such as the binomial, Poisson,
and negative binomial. Its probability mass function is given by

n

n=0,12,...,
where a, >0, 0> 0, and f(0) is the function
f(o)= 3 a,o". (5.71)
n=0

This function is defined provided that 6 falls inside the interval of conver-
gence of the series in (5.71).

For example, for the Poisson distribution, 6= A, where A is the mean,
a,=1/n! for n=0,1,2,..., and f(#)=e". For the negative binomial, § =
1-p and a,= ”+;_1 , n=0,1,2,..., where n=number of failures,
r=number of successes, and p = probability of success on each trial, and
thus

- +r—1 n 1
o= (" amp -
n=0 n p
A special case of the power series distribution is the logarithmic series
distribution. It was first introduced by Fisher, Corbet, and Williams (1943)
while studying abundance and diversity for insect trap data. The probability
mass function for this distribution is

n

- —1,2,...
p(n) nlog(l_o) > < >

where 0 < 0 < 1.
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The logarithmic series distribution is useful in the analysis of various kinds
of data. A description of some of its applications can be found, for example,
in Johnson and Kotz (1969, Chapter 7).

5.6.5. Poisson Approximation to Power Series Distributions

See Pérez-Abreu (1991).

The Poisson distribution can provide an approximation to the distribution
of the sum of random variables having power series distributions. This is
based on the following theorem:

Theorem 5.6.3. For each k>1, let X, X,,..., X, be independent non-
negative integer-valued random variables with a common power series distri-
bution

pk(n)=an01?/f(0k)’ n=091’---9

where a, >0 (n=0,1,...) are independent of k and
f(0)= X a6,  6,>0.
n=0

Let a, >0, A> 0 be fixed and S, = X*_, X,. If k6, —> A as k —> =, then

lim P(S,=n)=e "Al/n!, n=0,1,...,
k— o

where Ay = Aa,/a,.
Proof. See Pérez-Abreu (1991, page 43). ad

By using this theorem we can obtain the well-known Poisson approxima-
tion to the binomial and the negative binomial distributions as shown below.

EXAMPLE 5.6.2 (The Binomial Distribution). For each k > 1, let
X,,..., X, be a sequence of independent Bernoulli random variables with

success probability p,. Let S, = X¥_, X,. Suppose that kp, = A >0 as k — .
Then, for each n =0,1,...,

. . k k—n

Iim P(S, = =1 (1 —

kLnl (Sk=n) kgg(n)Pk( Pr)
=e \"/n!.

This follows from the fact that the Bernoulli distribution with success
probability p, is a power series distribution with 6, = p, /(1 —p,) and f(6,) =
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1+6,. Since a,=a,=1, and k6, > A as k—>», we get from applying
Theorem 5.6.3 that

lim P(S,=n)=e \"/nl.

k— o

EXAMPLE 5.6.3 (The Negative Binomial Distribution). We recall that a
random variable Y has the negative binomial distribution if it represents the
number of failures n (in repeated trials) before the kth success (k > 1). Let
P denote the probability of success on a single trial. Let X, X,,..., X, be
random variables defined as

X, = number of failures occurring before the 1st success,

X, = number of failures occurring between the 1st success
and the 2nd success,

X, = number of failures occurring between the (k — 1)st
success and the kth success.

Such random variables have what is known as the geometric distribution. It is
a special case of the negative binomial distribution with k = 1. The common
probability distribution of the X;’s is

P(X,=n)=p,(1-p)", n=0,1...; i=1,2,...,k.

This is a power series distribution with @, =1(n=0,1,...), 6, =1—p,, and

1

ﬂ%%:%ﬂ—m)=fjr;5=ﬁ-

It is easy to see that X, X,,..., X, are independent and that Y=S5, =
Tia X

Let us now assume that k(1 —p,) = A >0 as k — . Then from Theorem
5.6.3 we obtain the following result:

lim P(S,=n)=e \"/n!, n=0,1.....

k— oo

5.6.6. A Ridge Regression Application

Consider the linear model

y=Xp +e,
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where y is a vector of n response values, X is an n X p matrix of rank p, 8 is
a vector of p unknown parameters, and € is a random error vector such that
E(e) =0 and Var(e) = ¢ *I,. All variables in this model are corrected for
their means and scaled to unit length, so that X'X and X'y are in correlation
form.

We recall from Section 2.4.2 that if the columns of X are multicollinear,
then the least-squares estimator of B, namely B = (X'X)"'X'y, is an unreli-
able estimator due to large variances associated with its elements. There are
several methods that can be used to combat multicollinearity. A review of
such methods can be found in Ofir and Khuri (1986). Ridge regression is one
of the most popular of these methods. This method, which was developed by
Hoerl and Kennard (1970a, b), is based on adding a positive constant k to the
diagonal elements of X'X. This leads to a biased estimator 3* of B called the
ridge regression estimator and is given by

B* = (X'X +kI,) "' Xy.

The elements of B* can have substantially smaller variances than the corre-
sponding elements of B (see, for example, Montgomery and Peck, 1982,
Section 8.5.3).

Draper and Herzberg (1987) showed that the ridge regression residual
sum of squares can be represented as a power series in k. More specifically,
consider the vector of predicted responses,

)A’k = Xp*
= X(X'X +4I,) " 'Xy, (5.72)

which is based on using B*. Formula (5.72) can be written as
- 11—t
5 =X(XX) 'L, +k(XX) '] Xy (5.73)

From Theorem 5.5.2, if all the eigenvalues of k(X'X)~" are less than one in
absolute value, then

a1l . iri —i
[ +xX) 7" = T (-nkixx)" (5.74)
i=0
From (5.73) and (5.74) we get
9= (H, —kH, +k’H; —k’H, + - )y,

where H,=X(X'X)"'X’, i > 1. Thus the ridge regression residual sum of
squares, which is the sum of squares of deviations of the elements of y from
the corresponding elements of y,, is

(y - f’k)'(y - 5’k) =y'Qy,
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where
Q= (1, H, +kH, — kH, + K°H, — - )",

It can be shown (see Exercise 5.32) that
YyQy=8S,+ Y (i—-2)(—k) 'S, (5.75)
i=3

where SSj is the usual least-squares residual sum of squares, which can be
obtained when k = 0, that is,

$S; =y'[1, - X(X'X) "Xy,

and S;=y'H,y, i > 3. The terms to the right of (5.75), other than SS,, are
bias sums of squares induced by the presence of a nonzero k. Draper and
Herzberg (1987) demonstrated by means of an example that the series in
(5.75) may diverge or else converge very slowly, depending on the value of k.
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EXERCISES
In Mathematics

5.1. Suppose that {a,);_, is a bounded sequence of positive terms.
(a) Define b, =max{a,,a,,...,a,}, n=1,2,.... Show that the se-
quence {b,}_, converges, and identify its limit.
(b) Suppose further that a, —c¢ as n — o, where ¢ > 0. Show that
¢, = ¢, where {c,J;_, is the sequence of geometric means, c, =

(I ya)'/ "

5.2. Suppose that {a,)f;_, and {b,);_, are any two Cauchy sequences. Let
d,=la,—b,l, n=1,2,.... Show that the sequence {d,},_, converges.

5.3. Prove Theorem 5.1.3.

5.4. Show that if {a,};_, is a bounded sequence, then the set E of all its
subsequential limits is also bounded.

5.5. Suppose that a, — ¢ as n —  and that {a,}"_, is a sequence of positive
terms for which Y7_, a; > © as n - »,

(a) Show that
i a4,

n
L

In particular, if «; =1 for all i, then

—C as n —> x,

S| =

n
Y.a,>c asn—o o,
i-1

(b) Show that the converse of the special case in (a) does not always
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5.6.

5.7.

5.8.

5.9.

5.10.

5.11.

5.12.

5.13.

5.14.

5.15.

INFINITE SEQUENCES AND SERIES

hold by giving a counterexample of a sequence {a,) _, that does
not converge, yet (L"_,a,;)/n converges as n — .

Let {a,);_, be a sequence of positive terms such that

Api1

-b as n — o,

a,

where 0 <b < 1. Show that there exist constants ¢ and r such that
0 <r<1and c >0 for which a, <cr" for sufficiently large values of n.

Suppose that we have the sequence {a,);_,, where a; =1 and

_a,(3b+ay)

a =
ntl 3a2+b

b>0, n=1,2,....

Show that the sequence converges, and find its limit.

Show that the sequence {a,};,_; converges, and find its limit, where
a, =1 and

a,,=02+a,)”?,  n=1,2,....

Let {a,}’_, be a sequence and s, =X"_,qa;.
(a) Show that limsup,_, .(s,/n) <limsup,_ . a,.
(b) If s,/n converges as n — %, then show that a,/n — 0 as n — .

Show that the sequence {a,),_,, where a, = X! ,(1/i), is not a Cauchy
sequence and is therefore divergent.

Suppose that the sequence {a,},_, satisfies the following condition:
There is an r, 0 <r < 1, such that

la,., —a,l <br", n=1,2,...,
where b is a positive constant. Show that this sequence converges.
Show that if a, >0 for all n, then ¥, _,a, converges if and only if
{s,°_, is a bounded sequence, where s, is the nth partial sum of the
series.
Show that the series X7 _;[1/(3n — 1)(3n + 2)] converges to %

Show that the series Y7 _(n'/" — 1) is divergent for p < 1.

Let X7 _,a, be a divergent series of positive terms.

(a) If {a,);_, is a bounded sequence, then show that ¥,_,[a,/(1 + a,)]
diverges.
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(b) Show that (a) is true even if {a,},_, is not a bounded sequence.

5.16. Let X%,_,a, be a divergent series of positive terms. Show that

< -—, n=2,3,...,

where s, is the nth partial sum of the series; then deduce that
Y>_.(a,/s?) converges.

5.17. Let X, _,a, be a convergent series of positive terms. Let r, = X7_, a;.
Show that for m <n,

a, r
1 n
—>1-—,
T

T'in

I

and deduce that ¥,_,(a, /r,) diverges.

5.18. Given the two series X7_,(1/n), X% _,(1/n?). Show that
1 1/n
lim (—) =1,

n—o
1 1/n
R

lim (
n

n—ow

5.19. Test for convergence of the series X, _,a,, where

(a) a,=(n""=1)",
log(1+n
(b) 0= 2L
log(1+e™)
1X3X5X X (2n—-1) 1
2X4X6X - X2n 2n+1’°
(d) a,=Vn+vn =V,
—1)"4"
(e) anz%’

n

2]

() a, = sin
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5.20.

5.21.

5.22.

5.23.

INFINITE SEQUENCES AND SERIES

Determine the values of x for which each of the following series
converges uniformly:

“ n+2

(a) Y ——x,
n=1 3
o0 10”

(b) ) —

(¢) E%(’l*‘l)ZX",

> cos(nx)
n=1 n(n2+1) .

(d)

Consider the series

Let X7 _, b, be a certain rearrangement of X,_, a, given by

1 1 1 1

1 1 1 1
l+3—3+s+t7—g+tot+ta—

g _|_ cee y
where two positive terms are followed by one negative. Show that the

sum of the original series is less than 12, whereas that of the rearranged
series (which is convergent) exceeds 13.

Consider Cauchy’s product of 2 _a, with itself, where

a _ ey n=0.1,2
n \/I/l+—1’ sdyLyene

Show that this product is divergent. [ Hint: Show that the nth term of
this product does not go to zero as n — =.]

Consider the sequence of functions {f,(x)};_,, where for n=1,2,...

fu(x) = x=0.

14+ nx?’

Find the limit of this sequence, and determine whether or not the
convergence is uniform on [0, «).
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5.24.

Consider the series ¥,_,(1/n%).

(a) Show that this series converges uniformly on [1 + 8, ), where & is
any positive number. [ Note: The function represented by this series
is known as Riemann’s {-function and is denoted by (x).]

(b) Is {(x) differentiable on [1 4+ §,)? If so, give a series expansion
for ¢'(x).

In Statistics

5.25.

5.26.

5.27.

5.28.

5.29.

5.30.

Prove formulas (5.56) and (5.57).

Find a series expansion for the moment generating function of the
negative binomial distribution. For what values of ¢ does this series
converge uniformly? In this case, can formula (5.63) be applied to
obtain an expression for the kth noncentral moment (k=1,2,...) of
this distribution? Why or why not?

Find the first three cumulants of the negative binomial distribution.

Show that the moments w, (n=1,2,...) of a random variable X
determine the cumulative distribution functions of X uniquely if

| |

lim sup is finite.

n—ow

[ Hint: Use the fact that n!~ V27n""/2e¢™" as n — =]
Find the moment generating function of the logarithmic series distribu-
tion, and deduce that the mean and variance of this distribution are
given by

p=ab/(1-10),

5 1

where a = —1/log(1 — 6).

Let {X,)°_, be a sequence of binomial random variables where the
probability mass function of X, (n=1,2,...) is given by

pn(k)=(Z)pk(1—p)"k, k=0,1,2,...,n,



204

5.31.

5.32.

INFINITE SEQUENCES AND SERIES

where 0 <p < 1. Further, let the random variable Y, be defined as

X

Y,=— —p.

n
(a) Show that E(X,)=np and Var(X,) =np(1 —p).
(b) Apply Chebyshev’s inequality to show that

p(1-p)

2 b

P(lY,
(1Y, =€) < -

where € > 0.

(c) Deduce from (b) that Y, converges in probability to zero. [ Note:
This result is known as Bernoulli’s law of large numbers.]

Let X, X,,..., X, be a sequence of independent Bernoulli random
variables with success probability p,. Let S, =X, X,. Suppose that
np, = u>0as n—x,

(a) Give an expression for ¢,(t), the moment generating function of
S,
(b) Show that
lim ¢, (1) = exp( pe' — ),

which is the moment generating function of a Poisson distribution
with mean pu.

Prove formula (5.75).



