
C H A P T E R 5

Infinite Sequences and Series

The study of the theory of infinite sequences and series is an integral part of
advanced calculus. All limiting processes, such as differentiation and integra-
tion, can be investigated on the basis of this theory.

The first example of an infinite series is attributed to Archimedes, who
showed that the sum

1 1
1q q ���q n4 4

4was less than for any value of n. However, it was not until the nineteenth3

century that the theory of infinite series was firmly established by Augustin-
Ž .Louis Cauchy 1789�1857 .

In this chapter we shall study the theory of infinite sequences and series,
and investigate their convergence. Unless otherwise stated, the terms of all
sequences and series considered in this chapter are real-valued.

5.1. INFINITE SEQUENCES

In Chapter 1 we introduced the general concept of a function. An infinite
sequence is a particular function f : Jq™R defined on the set of all positive

q Ž .integers. For a given ngJ , the value of this function, namely f n , is called
the nth term of the infinite sequence and is denoted by a . The sequencen

� 4�itself is denoted by the symbol a . In some cases, the integer with whichn ns1
the infinite sequence begins is different from one. For example, it may be
equal to zero or to some other integer. For the sake of simplicity, an infinite
sequence will be referred to as just a sequence.

� 4�Since a sequence is a function, then, in particular, the sequence an ns1
can have the following properties:

� �1. It is bounded if there exists a constant K�0 such that a FK forn
all n.
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2. It is monotone increasing if a Fa for all n, and is monotonen nq1
decreasing if a Ga for all n.n nq1

3. It converges to a finite number c if lim a sc, that is, for a givenn™� n
��0 there exists an integer N such that

� �a yc �� if n�N.n

In this case, c is called the limit of the sequence and this fact is
denoted by writing a ™c as n™�. If the sequence does not convergen
to a finite limit, then it is said to be divergent.

4. It is said to oscillate if it does not converge to a finite limit, nor to q�
or y� as n™�.

12 2Ž . Ž .EXAMPLE 5.1.1. Let a s n q2n r 2n q3 . Then a ™ as n™�,n n 2

since
1q2rn

lim a s limn 22q3rnn™� n™�

1
s .

2

' 'EXAMPLE 5.1.2. Consider a s nq1 y n . This sequence converges ton
zero, since

' ' ' 'nq1 y n nq1 q nŽ . Ž .
a sn ' 'nq1 q n

1
s .' 'nq1 q n

Hence, a ™0 as n™�.n

EXAMPLE 5.1.3. Suppose that a s2 nrn3. Here, the sequence is diver-n
gent, since by Example 4.2.3,

2 n

lim s�.3nn™�

Ž .nEXAMPLE 5.1.4. Let a s y1 . This sequence oscillates, since it is equaln
to 1 when n is even and to y1 when n is odd.

Theorem 5.1.1. Every convergent sequence is bounded.

� 4�Proof. Suppose that a converges to c. Then, there exists an integern ns1
N such that

� �a yc �1 if n�N.n
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For such values of n, we have

� � � � �a �max cy1 , cq1 .Ž .n

It follows that

� �a �Kn

for all n, where

� � � � � � � � � �Ksmax a q1, a q1, . . . , a q1, cy1 , cq1 . �Ž .1 2 N

The converse of Theorem 5.1.1 is not necessarily true. That is, if a
sequence is bounded, then it does not have to be convergent. As a counterex-
ample, consider the sequence given in Example 5.1.4. This sequence is
bounded, but is not convergent. To guarantee converge of a bounded
sequence we obviously need an additional condition.

Ž .Theorem 5.1.2. Every bounded monotone increasing or decreasing se-
quence converges.

� 4�Proof. Suppose that a is a bounded and monotone increasing se-n ns1
Ž .quence the proof is similar if the sequence is monotone decreasing . Since

the sequence is bounded, it must be bounded from above and hence has a
Ž .least upper bound c see Theorem 1.5.1 . Thus a Fc for all n. Furthermore,n

for any given ��0 there exists an integer N such that

cy��a Fc ;N

� 4�otherwise cy� would be an upper bound of a . Now, because then ns1
sequence is monotone increasing,

cy��a Fa Fa F ��� Fc,N Nq1 Nq2

that is,

cy��a Fc for nGN.n

We can write

cy��a �cq� ,n

or equivalently,

� �a yc �� if nGN.n

� 4�This indicates that a converges to c. �n ns1
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Using Theorem 5.1.2 it is easy to prove the following corollary.

Corollary 5.1.1.

� 4�1. If a is bounded from above and is monotone increasing, thenn ns1
� 4�a converges to cssup a .n ns1 nG1 n

� 4�2. If a is bounded from below and is monotone decreasing, thenn ns1
� 4�a converges to ds inf a .n ns1 nG1 n

� '� 4EXAMPLE 5.1.5. Consider the sequence a , where a s 2 and an ns1 1 nq1

s 2q a for nG1. This sequence is bounded, since a �2 for all n, as'' n n

'can be easily shown using mathematical induction: We have a s 2 �2. If1

''a �2, then a � 2q 2 �2. Furthermore, the sequence is monotonen nq1
increasing, since a Fa for ns1, 2, . . . , which can also be shown byn nq1

� 4�mathematical induction. Hence, by Theorem 5.1.2 a must converge. Ton ns1
find its limit, we note that

lim a s lim 2q a''nq1 n
n™� n™�

s 2q lim a .n'( n™�

If c denotes the limit of a as n™�, thenn

''cs 2q c .

'By solving this equation under the condition cG 2 we find that the only
solution is cs1.831.

� 4�Definition 5.1.1. Consider the sequence a . An infinite collection ofn ns1
its terms, picked out in a manner that preserves the original order of the

� 4�terms of the sequence, is called a subsequence of a . More formally, anyn ns1
� 4�sequence of the form b , where b sa such that k �k � ��� �k �n ns1 n k 1 2 nn
� 4���� is a subsequence of a . Note that k Gn for nG1. �n ns1 n

� 4�Theorem 5.1.3. A sequence a converges to c if and only if everyn ns1
� 4�subsequence of a converges to c.n ns1

Proof. The proof is left to the reader. �

It should be noted that if a sequence diverges, then it does not necessarily
follow that every one of its subsequences must diverge. A sequence may fail
to converge, yet several of its subsequences converge. For example, the
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Ž .nsequence whose nth term is a s y1 is divergent, as was seen earlier.n
� 4� � 4�However, the two subsequences b and c , where b sa s1 andn ns1 n ns1 n 2 n

Ž .c sa sy1 ns1, 2, . . . , are both convergent.n 2 ny1
We have noted earlier that a bounded sequence may not converge. It is

possible, however, that one of its subsequences is convergent. This is shown
in the next theorem.

Theorem 5.1.4. Every bounded sequence has a convergent subsequence.

� 4�Proof. Suppose that a is a bounded sequence. Without loss ofn ns1
generality we can consider that the number of distinct terms of the sequence

Žis infinite. If this is not the case, then there exists an infinite subsequence of
� 4�a that consists of terms that are equal. Obviously, such a subsequencen ns1

.converges. Let G denote the set consisting of all terms of the sequence.
Then G is a bounded infinite set. By Theorem 1.6.2, G must have a limit
point, say c. Also, by Theorem 1.6.1, every neighborhood of c must contain
infinitely many points of G. It follows that we can find integers k �k �k1 2 3
� ��� such that

1
a yc � for ns1, 2, . . . .k n n

� �Thus for a given ��0 there exists an integer N�1r� such that a yc ��k n
� 4�if n�N. This indicates that the subsequence a converges to c.k ns1n

�

We conclude from Theorem 5.1.4 that a bounded sequence can have
several convergent subsequences. The limit of each of these subsequences is
called a subsequential limit. Let E denote the set of all subsequential limits

� 4� Ž .of a . This set is bounded, since the sequence is bounded why? .n ns1

� 4�Definition 5.1.2. Let a be a bounded sequence, and let E be then ns1
set of all its subsequential limits. Then the least upper bound of E is called

� 4�the upper limit of a and is denoted by lim sup a . Similarly, then ns1 n™� n
� 4�greatest lower bound of E is called the lower limit of a and is denotedn ns1

� 4� Ž .nwby lim inf a . For example, the sequence a , where a s y1 1qn™� n n ns1 n
Ž .x � 41rn , has two subsequential limits, namely y1 and 1. Thus Es y1, 1 ,
and lim sup a s1, lim inf a sy1. �n™� n n™� n

� 4�Theorem 5.1.5. The sequence a converges to c if any only ifn ns1

lim inf a s lim sup a sc.n n
n™� n™�

Proof. The proof is left to the reader. �
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Theorem 5.1.5 implies that when a sequence converges, the set of all its
subsequential limits consists of a single element, namely the limit of the
sequence.

5.1.1. The Cauchy Criterion

� 4�We have seen earlier that the definition of convergence of a sequence an ns1
requires finding the limit of a as n™�. In some cases, such a limit may ben
difficult to figure out. For example, consider the sequence whose nth term is

ny11 1 1 y1Ž .
a s1y q y q ���q , ns1, 2, . . . . 5.1Ž .n 3 5 7 2ny1

It is not easy to calculate the limit of a in order to find out if the sequencen
converges. Fortunately, however, there is another convergence criterion for

Žsequences, known as the Cauchy criterion after Augustin-Louis Cauchy it was
known earlier to Bernhard Bolzano, 1781�1848, a Czechoslovakian priest
whose mathematical work was undeservedly overlooked by his lay and cleri-

.cal contemporaries; see Boyer, 1968, page 566 .

Ž . � 4�Theorem 5.1.6 The Cauchy Criterion . The sequence a convergesn ns1
if and only if it satisfies the following condition, known as the �-condition:
For each ��0 there is an integer N such that

� �a ya �� for all m�N , n�N.m n

Proof. Necessity: If the sequence converges, then it must satisfy the �-con-
� 4�dition. Let ��0 be given. Since the sequence a converges, then theren ns1

exists a number c and an integer N such that

�
� �a yc � if n�N.n 2

Hence, for m�N, n�N we must have

� � � �a ya s a ycqcyam n m n

� � � �F a yc q a yc �� .m n

Sufficiency: If the sequence satisfies the �-condition, then it must converge.
If the �-condition is satisfied, then there is an integer N such that for any
given ��0,

� �a ya ��n Nq1

for all values of nGNq1. Thus for such values of n,

a y��a �a q� . 5.2Ž .Nq1 n Nq1
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� 4�The sequence a is therefore bounded, since from the double inequalityn ns1
Ž .5.2 we can assert that

� � � � � � � � � � � �a �max a q1, a q1, . . . , a q1, a y� , a q�Ž .n 1 2 N Nq1 Nq1

� 4� � 4�for all n. By Theorem 5.1.4, a has a convergent subsequence a .n ns1 k ns1n

Let c be the limit of this subsequence. If we invoke again the �-condition, we
can find an integer N� such that

� �a ya �� � if m�N�, k GnGN�,m k nn

where � ��� . By fixing m and letting k ™� we getn

� �a yc F� ��� if m�N�.m

� 4�This indicates that the sequence a is convergent and has c as its limit.n ns1
�

� 4�Definition 5.1.3. A sequence a that satisfies the �-condition of then ns1
Cauchy criterion is said to be a Cauchy sequence. �

EXAMPLE 5.1.6. With the help of the Cauchy criterion it is now possible
� 4� Ž .to show that the sequence a whose nth term is defined by formula 5.1n ns1

is a Cauchy sequence and is therefore convergent. To do so, let m�n. Then,

py11 1 y1Ž .n
a ya s y1 y q ���q , 5.3Ž . Ž .m n 2nq1 2nq3 2nq2 py1

Ž .where psmyn. We claim that the quantity inside brackets in formula 5.3
is positive. This can be shown by grouping successive terms in pairs. Thus if p
is even, the quantity is equal to

1 1 1 1
y q y q ���ž / ž /2nq1 2nq3 2nq5 2nq7

1 1
q y ,ž /2nq2 py3 2nq2 py1

which is positive, since the difference inside each parenthesis is positive. If
Ž .ps1, the quantity is obviously positive, since it is then equal to 1r 2nq1 .

If pG3 is an odd integer, the quantity can be written as

1 1 1 1
y q y q ���ž / ž /2nq1 2nq3 2nq5 2nq7

1 1 1
q y q ,ž /2nq2 py5 2nq2 py3 2nq2 py1
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which is also positive. Hence, for any p,

py11 1 y1Ž .
� �a ya s y q ���q . 5.4Ž .m n 2nq1 2nq3 2nq2 py1

We now claim that

1
� �a ya � .m n 2nq1

To prove this claim, let us again consider two cases. If p is even, then

1 1 1
� �a ya s y y y ���m n ž /2nq1 2nq3 2nq5

1 1 1
y y yž /2nq2 py5 2nq2 py3 2nq2 py1

1
� , 5.5Ž .

2nq1

Ž .since all the quantities inside parentheses in 5.5 are positive. If p is odd,
then

1 1 1
� �a ya s y y y ���m n ž /2nq1 2nq3 2nq5

1 1 1
y y � ,ž /2nq2 py3 2nq2 py1 2nq1

which proves our claim. On the basis of this result we can assert that for a
given ��0,

� �a ya �� if m�n�N ,m n

where N is such that

1
�� ,

2 Nq1

or equivalently,

1 1
N� y .

2� 2

� 4�This shows that a is a Cauchy sequence.n ns1
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� 4�EXAMPLE 5.1.7. Consider the sequence a , wheren ns1

1n
a s y1 1q .Ž .n ž /n

We have seen earlier that lim inf a sy1 and lim sup a s1. Thusn™� n n™� n
by Theorem 5.1.5 this sequence is not convergent. We can arrive at the same
conclusion using the Cauchy criterion by showing that the �-condition is not
satisfied. This occurs whenever we can find an ��0 such that for however N
may be chosen,

� �a ya G�m n

for some m�N, n�N. In our example, if N is any positive integer, then the
inequality

� �a ya G2 5.6Ž .m n

can be satisfied by choosing ms� and ns�q1, where � is an odd integer
greater than N.

5.2. INFINITE SERIES

� 4�Let a be a given sequence. Consider the symbolic expressionn ns1

�

a sa qa q ���qa q ��� . 5.7Ž .Ý n 1 2 n
ns1

By definition, this expression is called an infinite series, or just a series for
simplicity, and a is referred to as the nth term of the series. The finite sumn

n

s s a , ns1, 2, . . . ,Ýn i
is1

is called the nth partial sum of the series.

Definition 5.2.1. Consider the series Ý� a . Let s be its nth partialns1 n n
Ž .sum ns1, 2, . . . .

� 4�1. The series is said to be convergent if the sequence s converges. Inn ns1
this case, if lim s ss, where s is finite, then we say that the seriesn™� n
converges to s, or that s is the sum of the series. Symbolically, this is
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expressed by writing

�

ss a .Ý n
ns1

2. If s does not tend to a finite limit, then the series is said to ben
divergent. �

Definition 5.2.1 formulates convergence of a series in terms of conver-
gence of the associated sequence of its partial sums. By applying the Cauchy

Ž .criterion Theorem 5.1.6 to the latter sequence, we arrive at the following
condition of convergence for a series:

Theorem 5.2.1. The series Ý� a , converges if and only if for a givenns1 n
��0 there is an integer N such that

n

a �� for all n�m�N. 5.8Ž .Ý i
ismq1

Ž .Inequality 5.8 follows from applying Theorem 5.1.6 to the sequence
� 4�s of partial sums of the series and noting thatn ns1

n

� �s ys s a for n�m.Ýn m i
ismq1

Ž .In particular, if nsmq1, then inequality 5.8 becomes

� �a �� 5.9Ž .mq1

for all m�N. This implies that lim a s0, and hence lim a s0.m™� mq1 n™� n
We therefore conclude the following result:

RESULT 5.2.1. If Ý� a is a convergent series, then lim a s0.ns1 n n™� n

It is important here to note that the convergence of the nth term of a
series to zero as n™� is a necessary condition for the convergence of the
series. It is not, however, a sufficient condition, that is, if lim a s0, thenn™� n
it does not follow that Ý� a converges. For example, as we shall see later,ns1 n

� Ž .the series Ý 1rn is divergent, and its nth term goes to zero as n™�. Itns1
is true, however, that if lim a �0, then Ý� a is divergent. This followsn™� n ns1 n
from applying the law of contraposition to the necessary condition of conver-
gence. We conclude the following:

1. If a ™0 as n™�, then no conclusion can be reached regardingn
convergence or divergence of Ý� a .ns1 n
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2. If a �0 as n™�, then Ý� a is divergent. For example, the seriesn ns1 n
� w Ž .xÝ nr nq1 is divergent, sincens1

n
lim s1�0.

nq1n™�

EXAMPLE 5.2.1. One of the simplest series is the geometric series, Ý� an.ns1
� � nThis series is divergent if a G1, since lim a �0. It is convergent ifn™�

� �a �1 by the Cauchy criterion: Let n�m. Then

s ys samq1 qamq2 q ���qan . 5.10Ž .n m

Ž .By multiplying the two sides of 5.10 by a, we get

a s ys samq2 qamq3 q ���qanq1 . 5.11Ž . Ž .n m

Ž . Ž .If we now subtract 5.11 from 5.10 , we obtain

amq1 yanq1

s ys s . 5.12Ž .n m 1ya

� �Since a �1, we can find an integer N such that for m�N, n�N,

� 1yaŽ .mq1� �a � ,
2

� 1yaŽ .nq1� �a � .
2

Hence, for a given ��0,

� �s ys �� if n�m�N.n m

Ž .Formula 5.12 can actually be used to find the sum of the geometric series
� � Ž .when a �1. Let ms1. By taking the limits of both sides of 5.12 as n™�

we get

a2
nq1lim s ss q , since lim a s0,n 1 1yan™� n™�

a2

saq
1ya

a
s .

1ya
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� Ž .EXAMPLE 5.2.2. Consider the series Ý 1rn! . This series converges byns1
the Cauchy criterion. To show this, we first note that

n!sn ny1 ny2 � ��� �3�2�1Ž . Ž .

G2 ny1 for ns1, 2, . . . .

Hence, for n�m,

1 1 1
� �s ys s q q ���qn m mq1 ! mq2 ! n!Ž . Ž .

1 1 1
F q q ���qm mq1 ny12 2 2

n 1
s2 .Ý i2ismq1

1 wThis is a partial sum of a convergent geometric series with as �1 see2
Ž .x � �formula 5.10 . Consequently, s ys can be made smaller than any givenn m

��0 by choosing m and n large enough.

Theorem 5.2.2. If Ý� a and Ý� b are two convergent series, and if cns1 n ns1 n
is a constant, then the following series are also convergent:

� Ž . �1. Ý ca scÝ a .ns1 n ns1 n
� Ž . � �2. Ý a qb sÝ a qÝ b .ns1 n n ns1 n ns1 n

Proof. The proof is left to the reader. �

� � � �Definition 5.2.2. The series Ý a is absolutely convergent if Ý ans1 n ns1 n
is convergent. �

� wŽ .n xFor example, the series Ý y1 rn! is absolutely convergent, sincens1
� Ž .Ý 1rn! is convergent, as was seen in Example 5.2.2.ns1

Theorem 5.2.3. Every absolutely convergent series is convergent.

� � � �Proof. Consider the series Ý a , and suppose that Ý a is conver-ns1 n ns1 n
gent. We have that

n n

� �a F a . 5.13Ž .Ý Ýi i
ismq1 ismq1
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� � �By applying the Cauchy criterion to Ý a we can find an integer N suchns1 n
that for a given ��0,

n

� �a �� if n�m�N. 5.14Ž .Ý i
ismq1

Ž . Ž . �From 5.13 and 5.14 we conclude that Ý a satisfies the Cauchy crite-ns1 n
rion and is therefore convergent by Theorem 5.2.1. �

� � � �Note that it is possible that Ý a is convergent while Ý a isns1 n ns1 n
divergent. In this case, the series Ý� a is said to be conditionally conver-ns1 n
gent. Examples of this kind of series will be seen later.

In the next section we shall discuss convergence of series whose terms are
positive.

5.2.1. Tests of Convergence for Series of Positive Terms

Suppose that the terms of the series Ý� a are such that a �0 for n�K ,ns1 n n
where K is a constant. Without loss of generality we shall consider that
Ks1. Such a series is called a series of positive terms.

Series of positive terms are interesting because the study of their conver-
gence is comparatively simple and can be used in the determination of
convergence of more general series whose terms are not necessarily positive.
It is easy to see that a series of positive terms diverges if and only if its sum
is q�.

In what follows we shall introduce techniques that simplify the process of
determining whether or not a given series of positive terms is convergent. We
refer to these techniques as tests of convergence. The advantage of these
tests is that they are in general easier to apply than the Cauchy criterion.
This is because evaluating or obtaining inequalities involving the expression
Ýn a in Theorem 5.2.1 can be somewhat difficult. The tests of conver-ismq1 i
gence, however, have the disadvantage that they can sometime fail to
determine convergence or divergence, as we shall soon find out. It should be
remembered that these tests apply only to series of positive terms.

The Comparison Test

This test is based on the following theorem:

Theorem 5.2.4. Let Ý� a and Ý� b be two series of positive termsns1 n ns1 n
such that a Fb for n�N , where N is a fixed integer.n n 0 0

i. If Ý� b converges, then so does Ý� a .ns1 n ns1 n

ii. If Ý� a is divergent, then Ý� b is divergent too.ns1 n ns1 n
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Proof. We have that

n n

a F b for n�m�N . 5.15Ž .Ý Ýi i 0
ismq1 ismq1

If Ý� b is convergent, then for a given ��0 there exists an integer N suchns1 n 1
that

n

b �� for n�m�N . 5.16Ž .Ý i 1
ismq1

Ž . Ž . Ž .From 5.15 and 5.16 it follows that if n�m�N, where Nsmax N , N ,0 1
then

n

a �� ,Ý i
ismq1

Ž .which proves i .
Ž . Ž .The proof of ii follows from applying the law of contraposition to i .

�

To determine convergence or divergence of Ý� a we thus need to havens1 n
in our repertoire a collection of series of positive terms whose behavior
Ž .with regard to convergence or divergence is known. These series can then
be compared against Ý� a . For this purpose, the following series can bens1 n
useful:

a. Ý� 1rn. This is a divergent series called the harmonic series.ns1

b. Ý� 1rnk. This is divergent if k�1 and is convergent if k�1.ns1

To prove that the harmonic series is divergent, let us consider its nth
partial sum, namely,

n 1
s s .Ýn iis1

Let A�0 be an arbitrary positive number. Choose n large enough so that
n�2 m, where m�2 A. Then for such values of n,

1 1 1 1 1 1 1
s � 1q q q q q q q q ���n ž / ž / ž /2 3 4 5 6 7 8

1 1
q q ���q mmy1ž /22 q1

1 2 4 2 my1 m
� q q q ���q s �A. 5.17Ž .m2 4 8 2 2
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Since A is arbitrary and s is a monotone increasing function of n, inequalityn
Ž .5.17 implies that s ™� as n™�. This proves divergence of the harmonicn
series.

Ž . kLet us next consider the series in b . If k�1, then 1rn �1rn and
� Ž k . Ž .Ý 1rn must be divergent by Theorem 5.2.4 ii . Suppose now that k�1.ns1

Consider the nth partial sum of the series, namely,

n 1
�s s .Ýn kiis1

Then, by choosing m large enough so that 2 m �n we get

2 my1 1
�s F Ýn kiis1

1 1 1 1 1 1
s1q q q q q q q ���k k k k k kž / ž /2 3 4 5 6 7

1 1
q q ���qk kmmy1 2 y1Ž .2Ž .

1 1 1 1 1 1
F1q q q q q q q ���k k k k k kž / ž /2 2 4 4 4 4

1 1
q q ���qk kmy1 my12 2Ž . Ž .

2 4 2 my1

s1q q q ���qk k kmy12 4 2Ž .
m

iy1s a , 5.18Ž .Ý
is1

ky1 Ž .where as1r2 . But the right-hand side of 5.18 represents the mth
Ž .partial sum of a convergent geometric series since a�1 . Hence, as m™�,

Ž .the right-hand side of 5.18 converges to

� 1
iy1a s see Example 5.2.1 .Ž .Ý 1yais1

� � 4�Thus the sequence s is bounded. Since it is also monotone increasing, itn ns1
Ž .must be convergent see Theorem 5.1.2 . This proves convergence of the

� Ž k .series Ý 1rn for k�1.ns1



INFINITE SERIES 147

Another version of the comparison test in Theorem 5.2.4 that is easier to
implement is given by the following theorem:

Theorem 5.2.5. Let Ý� a and Ý� b be two series of positive terms. Ifns1 n ns1 n
there exists a positive constant l such that a and lb are asymptoticallyn n

Ž .equal, a � lb as n™� see Section 3.3 , that is,n n

an
lim s l ,

bn™� n

then the two series are either both convergent or both divergent.

Proof. There exists an integer N such that

a ln
y l � if n�N ,

b 2n

or equivalently,

l a 3ln
� � whenever n�N.

2 b 2n

If Ý� a is convergent, then Ý� b is convergent by a combination ofns1 n ns1 n
Ž . Ž . Ž . �Theorem 5.2.2 1 and 5.2.4 i , since b � 2rl a . Similarly, if Ý b con-n n ns1 n

� Ž . �verges, then so does Ý a , since a � 3lr2 b . If Ý a is divergent,ns1 n n n ns1 n
� Ž .then Ý b is divergent too by a combination of Theorems 5.2.2 1 andns1 n

Ž . Ž . �5.2.4 ii , since b � 2r3l a . Finally, Ý a diverges if the same is true ofn n ns1 n
� Ž .Ý b , since a � lr2 b . �ns1 n n n

� Ž . Ž 3 .EXAMPLE 5.2.3. The series Ý nq2 r n q2nq1 is convergent, sincens1

nq2 1
� as n™�,3 2n q2nq1 n

w � Ž k .which is the nth term of a convergent series recall that Ý 1rn isns1
xconvergent if k�1 .

� 'EXAMPLE 5.2.4. Ý 1r n nq1 is divergent, becauseŽ .ns1

1 1
� as n™�,

n'n nq1Ž .

which is the nth term of the divergent harmonic series.
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The Ratio or d’Alembert’s Test

This test is usually attributed to the French mathematician Jean Baptiste
Ž .d’Alembert 1717�1783 , but is also known as Cauchy’s ratio test after

Ž .Augustin-Louis Cauchy 1789�1857 .

Theorem 5.2.6. Let Ý� a be a series of positive terms. Then thens1 n
following hold:

Ž . Ž .1. The series converges if lim sup a ra �1 see Definition 5.1.2 .n™� nq1 n

Ž . Ž .2. The series diverges if lim inf a ra �1 see Definition 5.1.2 .n™� nq1 n

Ž . Ž .3. If lim inf a ra F1F lim sup a ra , no conclusion cann™� nq1 n n™� nq1 n
Žbe made regarding convergence or divergence of the series that is, the

.ratio test fails .

Ž .In particular, if lim a ra s r exists, then the following hold:n™� nq1 n

1. The series converges if r�1.
2. The series diverges if r�1.
3. The test fails if rs1.

Ž . Ž .Proof. Let ps lim inf a ra , qs lim sup a ra .n™� nq1 n n™� nq1 n

Ž .1. If q�1, then by the definition of the upper limit Definition 5.1.2 ,
there exists an integer N such that

anq1
�q� for nGN , 5.19Ž .

an

Žwhere q� is chosen such that q�q��1. If a ra Gq� for infinitelynq1 n
� 4�many values of n, then the sequence a ra has a subsequentialnq1 n ns1

limit greater than or equal to q�, which exceeds q. This contradicts the
. Ž .definition of q. From 5.19 we then get

a �a q�Nq1 N

a �a q��a q�2 ,Nq2 Nq1 N

...

a �a q��a q�m ,Nqm Nqmy1 N

where mG1. Thus for n�N,

yNŽnyN . na �a q� sa q� q� .Ž .n N N
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Hence, the series converges by comparison with the convergent geomet-
ric series Ý� q�n, since q��1.ns1

2. If p�1, then in an analogous manner we can find an integer N such
that

anq1
�p� for nGN , 5.20Ž .

an

where p� is chosen such that p�p��1. But this implies that a cannotn
tend to zero as n™�, and the series is therefore divergent by Result
5.2.1.

3. If pF1Fq, then we can demonstrate by using an example that the
� Ž .ratio test is inconclusive: Consider the two series Ý 1rn ,ns1

� Ž 2 .Ý 1rn . For both series, psqs1 and hence pF1Fq, sincens1
Ž .lim a ra s1. But the first series is divergent while the secondn™� nq1 n

is convergent, as was seen earlier. �

EXAMPLE 5.2.5. Consider the same series as in Example 5.2.2. This series
was shown to be convergent by the Cauchy criterion. Let us now apply the
ratio test. In this case,

a 1 1nq1
lim s lim

a nq1 ! n!n™� n™� Ž .n

1
s lim s0�1,

nq1n™�

Ž .which indicates convergence by Theorem 5.2.6 1 .

Ž .Nurcombe 1979 stated and proved the following extension of the ratio
test:

Theorem 5.2.7. Let Ý� a be a series of positive terms, and k be a fixedns1 n
positive integer.

Ž .1. If lim a ra �1, then the series converges.n™� nqk n

Ž .2. If lim a ra �1, then the series diverges.n™� nqk n

This test reduces to the ratio test when ks1.

The Root or Cauchy’s Test

This is a more powerful test than the ratio test. It is based on the following
theorem:
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Theorem 5.2.8. Let Ý� a be a series of positive terms. Letns1 n
lim sup a1r ns�. Then we have the following:n™� n

1. The series converges if ��1.
2. The series diverges if ��1.
3. The test is inconclusive if �s1.

In particular, if lim a1r ns� exists, then we have the following:n™� n

1. The series converges if ��1.
2. The series diverges if ��1.
3. The test is inconclusive if �s1.

Proof.

Ž .1. As in Theorem 5.2.6 1 , if ��1, then there is an integer N such that

a1r n ��� for nGN ,n

where �� is chosen such that �����1. Thus

a ���n for nGN.n

The series is therefore convergent by comparison with the convergent
geometric series Ý� ��n, since ���1.ns1

2. Suppose that ��1. Let ��0 be such that ���y1. Then

a1r n ��y��1n

Ž .for infinitely many values of n why? . Thus for such values of n,

n
a � �y� ,Ž .n

which implies that a cannot tend to zero as n™� and the series isn
therefore divergent by Result 5.2.1.

� Ž . � Ž 2 .3. Consider again the two series Ý 1rn ,Ý 1rn . In both casesns1 ns1
Ž .�s1 see Exercise 5.18 . The test therefore fails, since the first series is

divergent and the second is convergent. �

NOTE 5.2.1. We have mentioned earlier that the root test is more
powerful than the ratio test. By this we mean that whenever the ratio test
shows convergence or divergence, then so does the root test; whenever the
root test is inconclusive, the ratio test is inconclusive too. However, there are

Žsituations where the ratio test fails, but the root test doe not see Example
.5.2.6 . This fact is based on the following theorem:
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Theorem 5.2.9. If a �0, thenn

a anq1 nq11r n 1r nlim inf F lim inf a F lim sup a F lim sup .n na an™� n™� n™� n™�n n

Proof. It is sufficient to prove the two inequalities

anq11r nlim sup a F lim sup , 5.21Ž .n an™� n™� n

anq1 1r nlim inf F lim inf a . 5.22Ž .nan™� n™�n

Ž . Ž .Inequality 5.21 : Let qs lim sup a ra . If qs�, then there is noth-n™� nq1 n
ing to prove. Let us therefore consider that q is finite. If we choose q� such

Ž .that q�q�, then as in the proof of Theorem 5.2.6 1 , we can find an integer
N such that

yN na �a q� q� for n�N.Ž .n N

Hence,

1rnyN1r na � a q� q�. 5.23Ž . Ž .n N

Ž .As n™�, the limit of the right-hand side of inequality 5.23 is q�. It follows
that

lim sup a1r nFq�. 5.24Ž .n
n™�

Ž .Since 5.24 is true for any q��q, then we must also have

lim sup a1r nFq.n
n™�

Ž . Ž .Inequality 5.22 : Let ps lim inf a ra . We can consider p to ben™� nq1 n
Žfinite if ps�, then qs� and the proof of the theorem will be complete; if

.psy�, then there is nothing to prove . Let p� be chosen such that p��p.
Ž .As in the proof of Theorem 5.2.6 2 , we can find an integer N such that

anq1
�p� for nGN. 5.25Ž .

an

Ž .From 5.25 it is easy to show that

yN na �a p� p� for nGN.Ž .n N
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Hence, for such values of n,

1rnyN1r na � a p� p�.Ž .n N

Consequently,

lim inf a1r nGp�. 5.26Ž .n
n™�

Ž .Since 5.26 is true for any p��p, then

lim inf a1r nGp.n
n™�

From Theorem 5.2.9 we can easily see that whenever q�1, then
lim sup a1r n �1; whenever p�1, then lim sup a1r n �1. In both cases,n™� n n™� n
if convergence or divergence of the series is resolved by the ratio test, then it

Žcan also be resolved by the root test. If, however, the root test fails when
1r n . Ž .lim sup a s1 , then the ratio test fails too by Theorem 5.2.6 3 . On then™� n

other hand, it is possible for the ratio test to be inconclusive whereas the root
test is not. This occurs when

a anq1 nq11r n 1r nlim inf F lim inf a F lim sup a �1F lim sup . �n na an™� n™� n™� n™�n n

� Ž n n.EXAMPLE 5.2.6. Consider the series Ý a qb , where 0�a�b�1.ns1
This can be written as Ý� c , where for nG1,ns1 n

aŽnq1.r2 if n is odd,c sn ½ nr2b if n is even.

Now,

Ž .nq1 r2c bra if n is odd,Ž .nq1
s

nr2½c a arb if n is even,n Ž .

aŽnq1.rŽ2 n. if n is odd,1r nc sn ½ 1r2b if n is even.
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As n™�, c rc has two limits, namely 0 and �; c1r n has two limits, a1r2
nq1 n n

and b1r2 . Thus

cnq1
lim inf s0,

cn™� n

cnq1
lim sup s�,

cn™� n

lim sup c1r nsb1r2 �1.n
n™�

Since 0F1F�, we can clearly see that the ratio test is inconclusive, whereas
the root test indicates that the series is convergent.

( )Maclaurin’s or Cauchy’s Integeral Test

Ž .This test was introduced by Colin Maclaurin 1698�1746 and then rediscov-
ered by Cauchy. The description and proof of this test will be given in
Chapter 6.

Cauchy’s Condensation Test

Let us consider the following theorem:

Theorem 5.2.10. Let Ý� a be a series of positive terms, where a is ans1 n n
Ž . �monotone decreasing function of n s1, 2, . . . . Then Ý a converges orns1 n

diverges if and only if the same is true of the series Ý� 2 na n.ns1 2

Proof. Let s and t be the nth and mth partial sums, respectively, ofn m
Ý� a and Ý� 2 na n. If m is such that n�2 m, thenns1 n ns1 2

s Fa q a qa q a qa qa qaŽ . Ž .n 1 2 3 4 5 6 7

q ���q a mqa m q ���qa m mŽ .2 2 q1 2 q2 y1

Fa q2 a q4a q ���q2 ma ms t . 5.27Ž .1 2 4 2 m

Furthermore, if n�2 m, then

s Ga qa q a qa q ���q a my1 q ���qa mŽ . Ž .n 1 2 3 4 2 q1 2

a t1 mmy1
mG qa q2 a q ���q2 a s . 5.28Ž .2 4 22 2

� n Ž .nIf Ý 2 a diverges, then t ™� as m™�. Hence, from 5.28 , s ™� asns1 2 m n
n™�, and the series Ý� a is also divergent.ns1 n
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� n � 4�nNow, if Ý 2 a converges, then the sequence t is bounded. Fromns1 2 m ms1
Ž . � 4� �5.27 , the sequence s is also bounded. It follows that Ý a is an ns1 ns1 n

Ž .convergent series see Exercise 5.13 . �

� Ž k .EXAMPLE 5.2.7. Consider again the series Ý 1rn . We have alreadyns1
seen that this series converges if k�1 and diverges if kF1. Let us now
apply Cauchy’s condensation test. In this case,

� � �1 1
n n

n2 a s 2 sÝ Ý Ý2 nk nŽky1.2 2ns1 ns1 ns1

is a geometric series Ý� bn, where bs1r2 ky1. If kF1, then bG1 and thens1
series diverges. If k�1, then b�1 and the series converges. It is interesting
to note that in this example, both the ratio and the root tests fail.

The following tests enable us to handle situations where the ratio test fails.
These tests are particular cases on a general test called Kummer’s test.

Kummer’s Test

This test is named after the German mathematician Ernst Eduard Kummer
Ž .1810�1893 .

Theorem 5.2.11. Let Ý� a and Ý� b be two series of positive terms.ns1 n ns1 n
Suppose that the series Ý� b is divergent. Letns1 n

1 a 1n
lim y s	,ž /b a bn™� n nq1 nq1

Then Ý� a converges if 	�0 and diverges if 	�0.ns1 n

Proof. Suppose that 	�0. We can find an integer N such that for n�N,

1 a 1 	n
y � . 5.29Ž .

b a b 2n nq1 nq1

Ž .Inequality 5.29 can also be written as

2 a an nq1
a � y . 5.30Ž .nq1 ž /	 b bn nq1
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� Ž .If s is the nth partial sum of Ý a , then from 5.30 and for n�N,n ns1 n

nq12 a aiy1 i
s �s q y ,Ýnq1 Nq1 ž /	 b biy1 iisNq2

that is,

2 a aNq1 nq1
s �s q y ,nq1 Nq1 ž /	 b bNq1 nq1

5.31Ž .
2 aNq1

s �s q for n�N.nq1 Nq1 	 bNq1

Ž . � 4�Inequality 5.31 indicates that the sequence s is bounded. Hence, then ns1
� Ž .series Ý a is convergent see Exercise 5.13 .ns1 n

Now, let us suppose that 	�0. We can find an integer N such that

1 a 1n
y �0 for n�N.

b a bn nq1 nq1

Thus for such values of n,

an
a � b . 5.32Ž .nq1 nq1bn

Ž .It is easy to verify that because of 5.32 ,

aNq1
a � b 5.33Ž .n nbNq1

� Ž .for nGNq2. Since Ý b is divergent, then from 5.33 and the use of thens1 n
comparison test we conclude that Ý� a is divergent too. �ns1 n

Two particular cases of Kummer’s test are Raabe’s test and Gauss’s test.

Raabe’s Test

This test was established in 1832 by J. L. Raabe.

Theorem 5.2.12. Suppose that Ý� a is a series of positive terms andns1 n
that

a � 1n
s1q qo as n™�.ž /a n nnq1

Then Ý� a converges if ��1 and diverges if ��1.ns1 n



INFINITE SEQUENCES AND SERIES156

Proof. We have that

a � 1n
s1q qo .ž /a n nnq1

This means that

a �n
n y1y ™0 5.34Ž .ž /a nnq1

Ž .as n™�. Equivalently, 5.34 can be expressed as

nan
lim yny1 s�y1. 5.35Ž .ž /an™� nq1

Ž .Let b s1rn in 5.35 . This is the nth term of a divergent series. If we nown
apply Kummer’s test, we conclude that the series Ý� a converges ifns1 n
�y1�0 and diverges if �y1�0. �

Gauss’s Test

Ž .This test is named after Carl Friedrich Gauss 1777�1855 . It provides a
slight improvement over Raabe’s test in that it usually enables us to handle
the case �s1. For such a value of � , Raabe’s test is inconclusive.

Theorem 5.2.13. Let Ý� a be a series of positive terms. Suppose thatns1 n

a 
 1n
s1q qO , ��0.

�q1ž /a n nnq1

Then Ý� a converges if 
�1 and diverges if 
F1.ns1 n

Proof. Since

1 1
O so ,

�q1 ž /ž / nn

then by Raabe’s test, Ý� a converges if 
�1 and diverges if 
�1. Let usns1 n
therefore consider 
s1. We have

a 1 1n
s1q qO .

�q1ž /a n nnq1
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Ž .Put b s1r n log n , and considern

1 a 1n
lim yž /b a bn™� n nq1 nq1

1 1
s lim n log n 1q qO y nq1 log nq1Ž . Ž .�q1½ 5ž /n nn™�

n 1
s lim nq1 log q n log n O sy1.Ž . Ž . �q1ž /nq1 nn™�

This is true because

n
lim nq1 log sy1 by l’Hospital’s ruleŽ . Ž .

nq1n™�

and

1
lim n log n O s0 see Example 4.2.3 2 .Ž . Ž .�q1ž /nn™�

� w Ž .x ŽSince Ý 1r n log n is a divergent series this can be shown by usingns1
. �Cauchy’s condensation test , then by Kummer’s test, the series Ý a isns1 n

divergent. �

EXAMPLE 5.2.8. Gauss established his test in order to determine the
convergence of the so-called hypergeometric series. He managed to do so in
an article published in 1812. This series is of the form 1qÝ� a , wherens1 n

� �q1 �q2 ��� �qny1 
 
q1 
q2 ��� 
qny1Ž . Ž . Ž . Ž . Ž . Ž .
a s ,n n!� �q1 �q2 ��� �qny1Ž . Ž . Ž .

ns1, 2, . . . ,

where � , 
 , � are real numbers, and none of them is zero or a negative
integer. We have

a nq1 nq� n2q �q1 nq�Ž . Ž . Ž .n
s s 2a nq� nq
 n q �q
 nq�
Ž . Ž . Ž .nq1

�q1y�y
 1
s1q qO .2ž /n n

In this case, 
s�q1y�y
 and �s1. By Gauss’s test, this series is
convergent if 
�1, or ���q
 , and is divergent if 
F1, or �F�q
.
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5.2.2. Series of Positive and Negative Terms

Consider the series Ý� a , where a may be positive or negative for nG1.ns1 n n
The convergence of this general series can be determined by the Cauchy

Ž .criterion Theorem 5.1.6 . However, it is more convenient to consider the
� � �series Ý a of absolute values, to which the tests of convergence inns1 n

Section 5.2.1 can be applied. We recall from Definition 5.2.2 that if the latter
series converges, then the series Ý� a is absolutely convergent. This is ans1 n
stronger type of convergence than the one given in Definition 5.2.1, since by

� � � �Theorem 5.2.3 convergence of Ý a implies convergence of Ý a . Thens1 n ns1 n
converse, however, is not necessarily true, that is, convergence of Ý� ans1 n

� � �does not necessarily imply convergence of Ý a . For example, considerns1 n
the series

ny1� y1 1 1 1Ž .
s1y q y q ��� . 5.36Ž .Ý 2ny1 3 5 7ns1

This series is convergent by the result of Example 5.1.6. It is not, however,
� w Ž .xabsolutely convergent, since Ý 1r 2ny1 is divergent by comparisonns1

� Ž .with the harmonic series Ý 1rn , which is divergent. We recall that ans1
Ž .series such as 5.36 that converges, but not absolutely, is called a condition-

ally convergent series.
Ž .The series in 5.36 belongs to a special class of series known as alternating

series.

� Ž .ny1Definition 5.2.3. The series Ý y1 a , where a �0 for nG1, isns1 n n
called an alternating series. �

The following theorem, which was established by Gottfried Wilhelm
Ž .Leibniz 1646�1716 , can be used to determine convergence of alternating

series:

� Ž .ny1Theorem 5.2.14. Let Ý y1 a be an alternating series such thatns1 n
� 4�the sequence a is monotone decreasing and converges to zero asn ns1

n™�. Then the series is convergent.

Proof. Let s be the nth partial sum of the series, and let m be an integern
such that m�n. Then

n
iy1s ys s y1 aŽ .Ýn m i

ismq1

m nymy1s y1 a ya q ���q y1 a . 5.37Ž . Ž . Ž .mq1 mq2 n
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� 4�Since a is monotone decreasing, it is easy to show that the quantityn ns1
Ž .inside brackets in 5.37 is nonnegative. Hence,

nymy1� �s ys sa ya q ���q y1 a .Ž .n m mq1 mq2 n

Now, if nym is odd, then

� �s ys sa y a ya y ���y a yaŽ . Ž .n m mq1 mq2 mq3 ny1 n

Fa .mq1

If nym is even, then

� �s ys sa y a ya y ���y a ya yaŽ . Ž .n m mq1 mq2 mq3 ny2 ny1 n

Fa .mq1

Thus in both cases

� �s ys Fa .n m mq1

� 4�Since the sequence a converges to zero, then for a given ��0 theren ns1
exists an integer N such that for mGN, a �� . Consequently,mq1

� �s ys �� if n�mGN.n m

By Theorem 5.2.1, the alternating series is convergent. �

Ž .EXAMPLE 5.2.9. The series given by formula 5.36 was shown earlier to
be convergent. This result can now be easily verified with the help of
Theorem 5.2.14.

� Ž .n kEXAMPLE 5.2.10. The series Ý y1 rn is absolutely convergent ifns1
Žk�1, is conditionally convergent if 0�kF1, and is divergent if kF0 since

.the nth term does not go to zero .

� n 'Ž . Ž .EXAMPLE 5.2.11. The series Ý y1 r n log n is conditionally con-ns2
vergent, since it converges by Theorem 5.2.14, but the series of absolute

Ž .values diverges by Cauchy’s condensation test Theorem 5.2.10 .

5.2.3. Rearrangement of Series

One of the main differences between infinite series and finite series is that
whereas the latter are amenable to the laws of algebra, the former are not
necessarily so. In particular, if the order of terms of an infinite series is

Ž .altered, its sum assuming it converges may, in general, change; or worse, the
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altered series may even diverge. Before discussing this rather disturbing
phenomenon, let us consider the following definition:

Definition 5.2.4. Let Jq denote the set of positive integers and Ý� ans1 n
be a given series. Then a second series such as Ý� b is said to be ans1 n
rearrangement of Ý� a if there exists a one-to-one and onto functionns1 n
f : Jq™Jq such that b sa for nG1.n f Žn.

For example, the series

1 1 1 1 11q y q q y q ��� , 5.38Ž .3 2 5 7 4

where two positive terms are followed by one negative term, is a rearrange-
ment of the alternating harmonic series

1 1 1 11y q y q y ��� . 5.39Ž .2 3 4 5

Ž . Ž .The series in 5.39 is conditionally convergent, as is the series in 5.38 .
Ž .However, the two series have different sums see Exercise 5.21 . �

Fortunately, for absolutely convergent series we have the following
theorem:

Theorem 5.2.15. If the series Ý� a is absolutely convergent, then anyns1 n
rearrangement of it remains absolutely convergent and has the same sum.

Proof. Suppose that Ý� a is absolutely convergent and that Ý� b is ans1 n ns1 n
rearrangement of it. By Theorem 5.2.1, for a given ��0, there exists an
integer N such that for all n�m�N,

n �
� �a � .Ý i 2ismq1

We then have
� �

� �a F if m�N.Ý mqk 2ks1

Now, let us choose an integer M large enough so that

� 41, 2, . . . , Nq1 ; f 1 , f 2 , . . . , f M .� 4Ž . Ž . Ž .

Ž .It follows that if n�M, then f n GNq2. Consequently, for n�m�M,

n n

� � � �b s aÝ Ýi f Ž i.
ismq1 ismq1

� �
� �F a F .Ý Nqkq1 2ks1
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� � �This implies that the series Ý b satisfies the Cauchy criterion of Theo-ns1 n
rem 5.2.1. Therefore, Ý� b is absolutely convergent.ns1 n

We now show that the two series have the same sum. Let ssÝ� a , andns1 n
s be its nth partial sum. Then, for a given ��0 there exists an integer Nn
large enough so that

�
� �s ys � .Nq1 2

If t is the nth partial sum of Ý� b , thenn ns1 n

� � � � � �t ys F t ys q s ys .n n Nq1 Nq1

By choosing M large enough as was done earlier, and by taking n�M,
we get

n Nq1
� �t ys s b y aÝ Ýn Nq1 i i

is1 is1

n Nq1

s a y aÝ Ýf Ž i. i
is1 is1

� �
� �F a F ,Ý Nqkq1 2ks1

since if n�M,

� 4 � 4a , a , . . . , a ; a , a , . . . , a .1 2 Nq1 f Ž1. f Ž2. f Žn.

Hence, for n�M,

� �t ys �� ,n

which shows that the sum of the series Ý� b is s. �ns1 n

Unlike absolutely convergent series, those that are conditionally conver-
gent are susceptible to rearrangements of their terms. To demonstrate this,
let us consider the following alternating series:

ny1� � y1Ž .
a s .Ý Ýn 'nns1 ns1

This series is conditionally convergent, since it is convergent by Theorem
� 'Ž .5.2.14 while Ý 1r n is divergent. Let us consider the following rear-ns1

rangement:

� 1 1 1 1 1
b s1q y q q y q ��� 5.40Ž .Ý n ' ' ' ' '3 2 5 7 4ns1
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in which two positive terms are followed by one that is negative. Let s�
3n

Ž .denote the sum of the first 3n terms of 5.40 . Then

1 1 1 1 1
�s s 1q y q q y q ���3n ž / ž /' ' ' ' '3 2 5 7 4

1 1 1
q q yž /' ' '4ny3 4ny1 2n

1 1 1 1 1
s 1y q y q ���q yž / ž / ž /' ' ' ' '2 3 4 2ny1 2n

1 1 1 1
q q q ���q q' ' ' '2nq1 2nq3 4ny3 4ny1

1 1 1
ss q q q ���q ,2 n ' ' '2nq1 2nq3 4ny1

where s is the sum of the first 2n terms of the original series. We note that2 n

n
�s �s q . 5.41Ž .3n 2 n '4ny1

Ž .If s is the sum of the original series, then lim s ss in 5.41 . But, sincen™� 2 n

n
lim s�,'n™� 4ny1

� � 4� Ž .the sequence s is not convergent, which implies that the series in 5.403n ns1
is divergent. This clearly shows that a rearrangement of a conditionally
convergent series can change its character. This rather unsettling characteris-
tic of conditionally convergent series is depicted in the following theorem due

Ž .to Georg Riemann 1826�1866 :

Theorem 5.2.16. A conditionally convergent series can always be rear-
ranged so as to converge to any given number s, or to diverge to q� or
to y�.

Proof. The proof can be found in several books, for example, Apostol
Ž . Ž . Ž .1964, page 368 , Fulks 1978, page 489 , Knopp 1951, page 318 , and Rudin
Ž .1964, page 67 . �

5.2.4. Multiplication of Series

Suppose that Ý� a and Ý� b are two series. We recall from Theoremns1 n ns1 n
5.2.2 that if these series are convergent, then their sum is a convergent series
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obtained by adding the two series term by term. The product of these two
series, however, requires a more delicate operation. There are several ways
to define this product. We shall consider the so-called Cauchy’s product.

Definition 5.2.5. Let Ý� a and Ý� b be two series in which thens0 n ns0 n
summation index starts at zero instead of one. Cauchy’s product of these two
series is the series Ý� c , wherens0 n

n

c s a b , ns0, 1, 2, . . . ,Ýn k nyk
ks0

that is,

�

c sa b q a b qa b q a b qa b qa b q ��� .Ž . Ž .Ý n 0 0 0 1 1 0 0 2 1 1 2 0
ns0

Other products could have been defined by simply adopting different ar-
rangements of the terms that make up the series Ý� c . �ns0 n

The question now is: under what condition will Cauchy’s product of two
series converge? The answer to this question is given in the next theorem.

Theorem 5.2.17. Let Ý� c be Cauchy’s product of Ý� a and Ý� b .ns0 n ns0 n ns0 n
Suppose that these two series are convergent and have sums equal to s and t,
respectively.

1. If at least one of Ý� a and Ý� b converges absolutely, thenns0 n ns0 n
� ŽÝ c converges and its sum is equal to st this result is known asns0 n

.Mertens’s theorem .
2. If both series are absolutely convergent, then Ý� c converges abso-ns0 n

Ž .lutely to the product st this result is due to Cauchy .

Proof.

1. Suppose that Ý� a is the series that converges absolutely. Let s , t ,ns0 n n n
and u denote the partial sums Ýn a , Ýn b , and Ýn c , respec-n is0 i is0 i is0 i
tively. We need to show that u ™st as n™�. We have thatn

u sa b q a b qa b q ���q a b qa b q ���qa bŽ . Ž .n 0 0 0 1 1 0 0 n 1 ny1 n 0

sa t qa t q ���qa t . 5.42Ž .0 n 1 ny1 n 0

Let 
 denote the remainder of the series Ý� b with respect to t ,n ns0 n n
Ž .that is, 
 s ty t ns0, 1, 2, . . . . By making the proper substitution inn n
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Ž .5.42 we get

u sa ty
 qa ty
 q ���qa ty
Ž . Ž . Ž .n 0 n 1 ny1 n 0

s ts y a 
 qa 
 q ���qa 
 . 5.43Ž . Ž .n 0 n 1 ny1 n 0

Ž .Since s ™s as n™�, the proof of 1 will be complete if we can shown
Ž .that the sum inside parentheses in 5.43 goes to zero as n™�. We

now proceed to show that this is the case.
� 4�Let ��0 be given. Since the sequence 
 converges to zero,n ns0

there exists an integer N such that


 �� if n�N.n

Hence,

a 
 qa 
 q ���qa 
0 n 1 ny1 n 0

F a 
 qa 
 q ���qa 
n 0 ny1 1 nyN N

q a 
 qa 
 q ���qa 
nyNy1 Nq1 nyNy2 Nq2 0 n

nyNy1

� a 
 qa 
 q ���qa 
 q� aÝn 0 ny1 1 nyN N i
is0

n

�B a q� s*, 5.44Ž .Ý i
isnyN

Ž � � � � � � .where Bsmax 
 , 
 , . . . , 
 and s* is the sum of the series0 1 N
� � � Ž � .Ý a Ý a is absolutely convergent . Furthermore, because ofns0 n ns0 n

this and by the Cauchy criterion we can find an integer M such that

n

a �� if nyN�Mq1.Ý i
isnyN

Ž .Thus when n�NqMq1 we get from inequality 5.44

a 
 qa 
 q ���qa 
 F� Bqs* .Ž .0 n 1 ny1 n 0

Since � can be arbitrarily small, we conclude that

lim a 
 qa 
 q ���qa 
 s0.Ž .0 n 1 ny1 n 0
n™�
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� � �2. Let ® denote the nth partial sum of Ý c . Thenn is0 i

® s a b q a b qa b q ���q a b qa b q ���qa bn 0 0 0 1 1 0 0 n 1 ny1 n 0

F a b q a b q a b0 0 0 1 1 0

q ���q a b q a b q ���q a b0 n 1 ny1 n 0

� � �s a t q a t q ���q a t ,0 n 1 ny1 n 0

� k � �where t sÝ b , ks0, 1, 2, . . . , n. Thus,k is0 i

� � � � � � �® F a q a q ���q a tŽ .n 0 1 n n

Fs*t* for all n ,

� � �where t* is the sum of the series Ý b , which is convergent byns0 n
� 4�assumption. We conclude that the sequence ® is bounded. Sincen ns0

® G0, then by Exercise 5.12 this sequence is convergent, and thereforen
� Ž .Ý c converges absolutely. By part 1 , the sum of this series is st.ns0 n

�

It should be noted that absolute convergence of at least one of Ý� ans0 n
� Ž .and Ý b is an essential condition for the validity of part 1 of Theoremns0 n

5.2.17. If this condition is not satisfied, then Ý� c may not converge. Forns0 n
example, consider the series Ý� a ,Ý� b , wherens0 n ns0 n

n
y1Ž .

a sb s , ns0, 1, . . . .n n 'nq1

These two series are convergent by Theorem 5.2.14. They are not, however,
Žabsolutely convergent, and their Cauchy’s product is divergent see Exercise

.5.22 .

5.3. SEQUENCES AND SERIES OF FUNCTIONS

All the sequences and series considered thus far in this chapter had constant
terms. We now extend our study to sequences and series whose terms are
functions of x.

� Ž .4�Definition 5.3.1. Let f x be a sequence of functions defined on an ns1
set D;R.
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Ž .1. If there exists a function f x defined on D such that for every x in D,

lim f x s f x ,Ž . Ž .n
n™�

� Ž .4� Ž .then the sequence f x is said to converge to f x on D. Thus forn ns1
� Ž . Ž . �a given ��0 there exists an integer N such that f x y f x �� ifn

n�N. In general, N depends on � as well as on x.
� Ž . Ž . Ž .2. If Ý f x converges for every x in D to s x , then s x is said to bens1 n

the sum of the series. In this case, for a given ��0 there exists an
integer N such that

s x ys x �� if n�N ,Ž . Ž .n

Ž . � Ž .where s x is the nth partial sum of the series Ý f x . The integern ns1 n
N depends on � and, in general, on x also.

Ž .3. In particular, if N in 1 depends on � but not on xgD, then the
� Ž .4� Ž .sequence f x is said to converge uniformly to f x on D.n ns1

Ž .Similarly, if N in 2 depends on � , but not on xgD, then the series
� Ž . Ž .Ý f x converges uniformly to s x on D. �ns1 n

Ž .The Cauchy criterion for sequences Theorem 5.1.6 and its application to
Ž .series Theorem 5.2.1 apply to sequences and series of functions. In case of

uniform convergence, the integer N described in this criterion depends only
on � .

� Ž .4�Theorem 5.3.1. Let f x be a sequence of functions defined onn ns1
Ž .D;R and converging to f x . Define the number 	 asn

	 s sup f x y f x .Ž . Ž .n n
xgD

Ž .Then the sequence converges uniformly to f x on D if and only if 	 ™0 asn
n™�.

Ž .Proof. Sufficiency: Suppose that 	 ™0 as n™�. To show that f x ™n n
Ž .f x uniformly on D. Let ��0 be given. Then there exists an integer N such

that for n�N, 	 �� . Hence, for such values of n,n

f x y f x F	 ��Ž . Ž .n n

� Ž .4�for all xgD. Since N depends only on � , the sequence f x convergesn ns1
Ž .uniformly to f x on D.

Ž . Ž .Necessity: Suppose that f x ™ f x uniformly on D. To show that 	 ™0.n n
Let ��0 be given. There exists an integer N that depends only on � such
that for n�N,

�
f x y f x �Ž . Ž .n 2
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for all xgD. It follows that

�
	 s sup f x y f x F .Ž . Ž .n n 2xgD

Thus 	 ™0 as n™�. �n

Theorem 5.3.1 can be applied to convergent series of functions by replac-
Ž . Ž . Ž . Ž . Ž .ing f x and f x with s x and s x , respectively, where s x is the nthn n n

Ž .partial sum of the series and s x is its sum.

Ž . Ž . Ž .EXAMPLE 5.3.1. Let f x ssin 2� xrn , 0FxF1. Then f x ™0 asn n
n™�. Furthermore,

2� x 2� x 2�
sin F F .ž /n n n

In this case,

2� x 2�
	 s sup sin F .n ž /n n0FxF1

� Ž .4�Thus 	 ™0 as n™�, and the sequence f x converges uniformly ton n ns1
Ž . w xf x s0 on 0, 1 .

The next theorem provides a simple test for uniform convergence of series
Ž .of functions. It is due to Karl Weierstrass 1815�1897 .

Ž . � Ž .Theorem 5.3.2 Weierstrass’s M-test . Let Ý f x be a series of func-ns1 n
� 4�tions defined on D;R. If there exists a sequence M of constants suchn ns1

that

f x FM , ns1, 2,, . . . ,Ž .n n

� � Ž .for all xgD, and if Ý M converges, then Ý f x converges uniformlyns1 n ns1 n
on D.

Ž .Proof. Let ��0 be given. By the Cauchy criterion Theorem 5.2.1 , there
exists an integer N such that

n

M ��Ý i
ismq1
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for all n�m�N. Hence, for all such values of m, n, and for all xgD,

n n

f x F f xŽ . Ž .Ý Ýi i
ismq1 ismq1

n

F M �� .Ý i
ismq1

� Ž .This implies that Ý f x converges uniformly on D by the Cauchyns1 n
criterion. �

We note that Weierstrass’s M-test is easier to apply than Theorem 5.3.1,
Ž .since it does not require specifying the sum s x of the series.

� Ž .4�EXAMPLE 5.3.2. Let us investigate convergence of the sequence f x ,n ns1
Ž .where f x is defined asn

1°
2 xq , 0Fx�1,

n
x~exp , 1Fx�2,f x sŽ .n ž /n

1
1y , xG2.¢ n

This sequence converges to

2 x , 0Fx�1,f x sŽ . ½ 1, xG1.

Now,

1rn , 0Fx�1,°
~exp xrn y1, 1Fx�2,Ž .f x y f x sŽ . Ž .n ¢1rn , xG2.

However, for 1Fx�2,

exp xrn y1�exp 2rn y1.Ž . Ž .

Furthermore, by Maclaurin’s series expansion,

k�2 2rn 2 1Ž .
exp y1s � � .Ýž /n k! n nks1
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Thus,

sup f x y f x sexp 2rn y1,Ž . Ž . Ž .n
0Fx��

� Ž .4�which tends to zero as n™�. Therefore, the sequence f x convergesn ns1
Ž . w .uniformly to f x on 0, � .

� Ž .EXAMPLE 5.3.3. Consider the series Ý f x , wherens1 n

x n

f x s , 0FxF1.Ž .n 3 nn qnx

Ž .The function f x is monotone increasing with respect to x. It follows thatn
for 0FxF1,

1
f x s f x F , ns1, 2, . . . .Ž . Ž .n n 3n qn

� w Ž 3 .x � Ž .But the series Ý 1r n qn is convergent. Hence, Ý f x is uniformlyns1 ns1 n
w xconvergent on 0, 1 by Weierstrass’s M-test.

5.3.1. Properties of Uniformly Convergent Sequences and Series

Sequences and series of functions that are uniformly convergent have several
interesting properties. We shall study some of these properties in this section.

� Ž .4� Ž .Theorem 5.3.3. Let f x be uniformly convergent to f x on a setn ns1
Ž .D. If for each n, f x has a limit � as x™x , where x is a limit point ofn n 0 0

� 4� Ž .D, then the sequence � converges to � s lim f x . This is equiva-n ns1 0 x™ x 0

lent to stating that

lim lim f x s lim lim f x .Ž . Ž .n n
n™� x™x x™x n™�0 0

� 4�Proof. Let us first show that � is a convergent sequence. By then ns1
Ž .Cauchy criterion Theorem 5.1.6 , there exists an integer N such that for a

given ��0,

�
f x y f x � for all m�N , n�N. 5.45Ž . Ž . Ž .m n 2

Ž .The integer N depends only on � , and inequality 5.45 is true for all xgD,
since the sequence is uniformly convergent. By taking the limit as x™x in0
Ž .5.45 we get

�
� �� y� F if m�N , n�N ,m n 2
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� 4�which indicates that � is a Cauchy sequence and is therefore conver-n ns1
Ž .gent. Let � s lim � . We now need to show that f x has a limit and that0 n™� n

this limit is equal to � . Let ��0 be given. There exists an integer N such0 1
that for n�N ,1

�
f x y f x �Ž . Ž .n 4

for all xgD, by the uniform convergence of the sequence. Furthermore,
there exists an integer N such that2

�
� �� y� � if n�N .n 0 24

Ž .Thus for n�max N , N ,1 2

�
� �f x y f x q � y� �Ž . Ž .n n 0 2

for all xgD. Then

f x y� F f x y f x q f x y� q � y�Ž . Ž . Ž . Ž .0 n n n n 0

�
� f x y� q 5.46Ž . Ž .n n 2

Ž . Ž .if n�max N , N for all xgD. By taking the limit as x™x in 5.46 we1 2 0
get

�
lim f x y� F 5.47Ž . Ž .0 2x™x 0

by the fact that

lim f x y� s0 for ns1, 2, . . . .Ž .n n
x™x 0

Ž .Since � is arbitrarily small, inequality 5.47 implies that

lim f x s� . �Ž . 0
x™x 0

� Ž .4�Corollary 5.3.1. Let f x be a sequence of continuous functionsn ns1
Ž . Ž .that converges uniformly to f x on a set D. Then f x is continuous on D.

Ž .Proof. The proof follows directly from Theorem 5.3.3, since � s f x forn n 0
Ž . Ž .nG1 and � s lim � s lim f x s f x . �0 n™� n n™� n 0 0
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� Ž .Corollary 5.3.2. Let Ý f x be a series of functions that convergesns1 n
Ž . Ž .uniformly to s x on a set D. If for each n, f x has a limit � as x™x ,n n 0

� Ž .then the series Ý � converges and has a sum equal to s s lim s x ,ns1 n 0 x™ x 0

that is,

� �

lim f x s lim f x .Ž . Ž .Ý Ýn n
x™x x™x0 0ns1 ns1

Proof. The proof is left to the reader. �

By combining Corollaries 5.3.1 and 5.3.2 we conclude the following corol-
lary:

� Ž .Corollary 5.3.3. Let Ý f x be a series of continuous functions thatns1 n
Ž . Ž .converges uniformly to s x on a set D. Then s x is continuous on D.

Ž . 2 Ž 2 .ny1 w .EXAMPLE 5.3.4. Let f x sx r 1qx be defined on 1, � for nG1.n
Ž . � Ž .Let s x be the nth partial sum of the series Ý f x . Then,n ns1 n

1
1y n2 2n x 1qxŽ .2s x s sx ,Ž . Ýn ky1 121qxŽ .ks1 1y 21qx

by using the fact that the sum of the finite geometric series Ýn aky1 isks1

n n1ya
ky1a s . 5.48Ž .Ý 1yaks1

Ž 2 .Since 1r 1qx �1 for xG1, then as n™�,

x 2
2s x ™ s1qx .Ž .n 1

1y 21qx

Thus,

� 2x
2s1qx .Ý ny121qxŽ .ns1
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Now, let x s1, then0

� 2 �x 1 1
lim s s s2Ý Ý 1ny1 ny12 1y2x™1 21qxŽ .ns1 ns1

s lim 1qx 2 ,Ž .
x™1

1Ž .which results from applying formula 5.48 with as and then letting2

n™�. This provides a verification to Corollary 5.3.2. Note that the series
� Ž . Ž .Ý f x is uniformly convergent by Weierstrass’s M-test why? .ns1 n

Corollaries 5.3.2 and 5.3.3 clearly show that the properties of the function
Ž . Ž . � Ž .f x carry over to the sum s x of the series Ý f x when the series isn ns1 n

uniformly convergent.
Ž . Ž .Another property that s x shares with the f x ’s is given by the followingn

theorem:

� Ž . Ž .Theorem 5.3.4. Let Ý f x be a series of functions, where f x isns1 n n
w x � Ž .differentiable on a, b for nG1. Suppose that Ý f x converges at leastns1 n
w x � �Ž . w xat one point x g a, b and that Ý f x converges uniformly on a, b .0 ns1 n

Then we have the following:

� Ž . Ž . w x1. Ý f x converges uniformly to s x on a, b .ns1 n

Ž . � �Ž . Ž .2. s� x sÝ f x , that is, the derivative of s x is obtained by ans1 n
� Ž .term-by-term differentiation of the series Ý f x .ns1 n

Proof.

w x Ž1. Let x�x be a point in a, b . By the mean value theorem Theorem0
.4.2.2 , there exists a point � between x and x such that for nG1,n 0

f x y f x s xyx f � � . 5.49Ž . Ž . Ž . Ž . Ž .n n 0 0 n n

� �Ž . w xSince Ý f x is uniformly convergent on a, b , then by the Cauchyns1 n
criterion, there exists an integer N such that

n �
�f x �Ž .Ý i byaismq1

w x Ž .for all n�m�N and for any xg a, b . From 5.49 we get

n n
�� �f x y f x s xyx f �Ž . Ž . Ž .Ý Ýi i 0 0 i i

ismq1 ismq1

�
� �� xyx0bya

��



SEQUENCES AND SERIES OF FUNCTIONS 173

w xfor all n�m�N and for any xg a, b . This shows that

�

f x y f xŽ . Ž .Ý n n 0
ns1

is uniformly convergent on D. Consequently,

� �

f x s f x y f x qs xŽ . Ž . Ž . Ž .Ý Ýn n n 0 0
ns1 ns1

Ž . Ž .is uniformly convergent to s x on D, where s x is the sum of the0
� Ž .series Ý f x , which was assumed to be convergent.ns1 n 0

Ž .2. Let � h denote the ration

f xqh y f xŽ . Ž .n n
� h s , ns1, 2, . . . ,Ž .n h

w xwhere both x and xqh belong to a, b . By invoking the mean value
Ž .theorem again, � h can be written asn

� h s f � xq
 h , ns1, 2, . . . ,Ž . Ž .n n n

where 0 � 
 � 1. Furthermore, by the uniform convergence ofn
� �Ž . � Ž .Ý f x we can deduce that Ý � h is also uniformly convergentns1 n ns1 n
w xon yr, r for some r�0. But

� � f xqh y f xŽ . Ž .n n
� h sŽ .Ý Ýn hns1 ns1

s xqh ys xŽ . Ž .
s , 5.50Ž .

h

Ž . � Ž .where s x is the sum of the series Ý f x . Let us now applyns1 n
� Ž .Corollary 5.3.2 to Ý � h . We getns1 n

� �

lim � h s lim � h . 5.51Ž . Ž . Ž .Ý Ýn n
h™0 h™0ns1 ns1

Ž . Ž .From 5.50 and 5.51 we then have

�s xqh ys xŽ . Ž .
�lim s f x .Ž .Ý nhh™0 ns1

Thus,
�

�s� x s f x . �Ž . Ž .Ý n
ns1
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5.4. POWER SERIES

A power series is a special case of the series of functions discussed in Section
5.3. It is of the form Ý� a x n, where the a ’s are constants. We havens0 n n
already encountered such series in connection with Taylor’s and Maclaurin’s
series in Section 4.3.

Obviously, just as with any series of functions, the convergence of a power
series depends on the values of x. By definition, if there exists a number

� n � � � ���0 such that Ý a x is convergent if x �� and is divergent if x ��,ns0 n
then � is said to be the radius of convergence of the series, and the interval
Ž .y�, � is called the interval of convergence. The set of all values of x for
which the power series converges is called its region of convergence.

The definition of the radius of convergence implies that Ý� a x n isns0 n
absolutely convergent within its interval of convergence. This is shown in the
next theorem.

Theorem 5.4.1. Let � be the radius of convergence of Ý� a x n. Sup-ns0 n
pose that ��0. Then Ý� a x n converges absolutely for all x inside thens0 n

Ž .interval y�, � .

� � Ž .Proof. Let x be such that x ��. There exists a point x g y�, � such0
� � � � � nthat x � x . Then, Ý a x is a convergent series. By Result 5.2.1,0 ns0 n 0

n � n4�a x ™0 as n™�, and hence a x is a bounded sequence by Theoremn 0 n 0 ns0
5.1.1. Thus

� n �a x �K for all n.n 0

Now,
nx

n n� �a x s a xn n 0ž /x0

�K� n ,
where

x
�s �1.

x0

Since the geometric series Ý� � n is convergent, then by the comparison testns0
Ž . � � n �see Theorem 5.2.4 , the series Ý a x is convergent. �ns0 n

To determine the radius of convergence we shall rely on some of the tests
of convergence given in Section 5.2.1.

Theorem 5.4.2. Let Ý� a x n be a power series. Suppose thatns0 n

anq1
lim sp.

an™� n
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Then the radius of convergence of the power series is

1rp, 0�p��,°
~0, ps�,�s¢�, ps0.

Proof. The proof follows from applying the ratio test given in Theorem
� � n �5.2.6 to the series Ý a x : We have that ifns0 n

nq1a xnq1
lim �1,na xn™� n

then Ý� a x n is absolutely convergent. This inequality can be written asns0 n

� �p x �1. 5.52Ž .

� �If 0�p��, then absolute convergence occurs if x �1rp and the series
� �diverges when x �1rp. Thus �s1rp. If ps�, the series diverges when-

Ž .ever x�0. In this case, �s0. If ps0, then 5.52 holds for any value of x,
that is, �s�. �

Theorem 5.4.3. Let Ý� a x n be a power series. Suppose thatns0 n

� � 1r nlim sup a sq.n
n™�

Then,

1rq , 0�q��,°
~0, qs�,�s¢�, qs0.

Proof. This result follows from applying the root test in Theorem 5.2.8 to
� � n �the series Ý a x . Details of the proof are similar to those given inns0 n

Theorem 5.4.2. �

The determination of the region of convergence of Ý� a x n depends onns0 n
� �the value of �. We know that the series converges if x �� and diverges if

� �x ��. The convergence of the series at xs� and xsy� has to be
Ž .determined separately. Thus the region of convergence can be y�, � ,

w . Ž x w xy�, � , y�, � , or y�, � .

EXAMPLE 5.4.1. Consider the geometric series Ý� x n. By applying eitherns0
Theorem 5.4.2 or Theorem 5.4.3, it is easy to show that �s1. The series

Ž .diverges if xs1 or y1. Thus the region of convergence is y1, 1 . The sum
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Ž .of this series can be obtained from formula 5.48 by letting n go to infinity.
Thus

� 1
nx s , y1�x�1. 5.53Ž .Ý 1yxns0

� Ž n .EXAMPLE 5.4.2. Consider the series Ý x rn! . Here,ns0

a n!nq1
lim s lim

a nq1 !n™� n™� Ž .n

1
s lim s0.

nq1n™�

Thus �s�, and the series converges absolutely for any value of x. This
particular series is Maclaurin’s expansion of e x, that is,

� nx
xe s .Ý n!ns0

� Ž n .EXAMPLE 5.4.3. Suppose we have the series Ý x rn . Thenns1

a nnq1
lim s lim s1,

a nq1n™� n™�n

and �s1. When xs1 we get the harmonic series, which is divergent. When
xsy1 we get the alternating harmonic series, which is convergent by

w .Theorem 5.2.14. Thus the region of convergence is y1, 1 .

In addition to being absolutely convergent within its interval of conver-
gence, a power series is also uniformly convergent there. This is shown in the
next theorem.

Theorem 5.4.4. Let Ý� a x n be a power series with a radius of conver-ns0 n
Ž .gence � �0 . Then we have the following:

w x1. The series converges uniformly on the interval yr, r , where r��.
Ž . � n Ž . Ž . w x Ž .2. If s x sÝ a x , then s x i is continuous on yr, r ; ii isns0 n

w xdifferentiable on yr, r and has derivative

�
ny1s� x s na x , yrFxF r ;Ž . Ý n

ns1
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Ž . w xand iii has derivatives of all orders on yr, r and

k �d s x a n!Ž . n nyks x , ks1, 2, . . . ,yrFxF r .Ýk nyk !dx Ž .nsk

Proof.

� � � n � � � n � � � n1. If x F r, then a x F a r for nG0. Since Ý a r is conver-n n ns0 n
Ž .gent by Theorem 5.4.1, then by the Weierstrass M-test Theorem 5.3.2 ,

� n w xÝ a x is uniformly convergent on yr, r .ns0 n

Ž . Ž . Ž .2. i Continuity of s x follows directly from Corollary 5.3.3. ii To show
this result, we first note that the two series Ý� a x n and Ý� na x ny1

ns0 n ns1 n
have the same radius of convergence. This is true by Theorem 5.4.3 and
the fact that

� � 1r n � � 1r nlim sup na s lim sup a ,n n
n™� n™�

since lim n1r ns1 as n™�. We can then assert that Ý� na x ny1
n™� ns1 n

w x Ž .is uniformly convergent on yr, r . By Theorem 5.3.4, s x is differen-
w xtiable on yr, r , and its derivative is obtained by a term-by-term

� n Ž . Ž .differentiation of Ý a x . iii This follows from part ii by repeatedns0 n
Ž .differentiation of s x . �

Under a certain condition, the interval on which the power series con-
verges uniformly can include the end points of the interval of convergence.
This is discussed in the next theorem.

Theorem 5.4.5. Let Ý� a x n be a power series with a finite nonzerons0 n
radius of convergence �. If Ý� a � n is absolutely convergent, then thens0 n

w xpower series is uniformly convergent on y�, � .

Proof. The proof is similar to that of part 1 of Theorem 5.4.4. In this case,
� � � n � � � n � � � n � nfor x F�, a x F a � . Since Ý a � is convergent, then Ý a xn n ns0 n ns0 n

w xis uniformly convergent on y�, � by the Weierstrass M-test. �

EXAMPLE 5.4.4. Consider the geometric series of Example 5.4.1. This
w xseries is uniformly convergent on yr, r , where r�1. Furthermore, by

Ž .differentiating the two sides of 5.53 we get

� 1
ny1nx s , y1�x�1.Ý 21yxŽ .ns1
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Ž .2 Ž .This provides a series expansion of 1r 1yx within the interval y1, 1 . By
repeated differentiation it is easy to show that for y1�x�1,

�1 nqky1 ns x , ks1, 2, . . . .Ýk ž /n1yxŽ . ns0

The radius of convergence of this series is �s1, the same as for the original
series.

EXAMPLE 5.4.5. Suppose we have the series

n n� 2 x
,Ý 2 ž /1yx2n qnns1

which can be written as

� nz
,Ý 22n qnns1

Ž .where zs2 xr 1yx . This is a power series in z. By Theorem 5.4.2, the
radius of convergence of this series is �s1. We note that when zs1 the

� w Ž 2 .xseries Ý 1r 2n qn is absolutely convergent. Thus by Theorem 5.4.5,ns1
� �the given series is uniformly convergent for z F1, that is, for values of x

satisfying

1 x 1
y F F ,

2 1yx 2

or equivalently,

1y1FxF .3

5.5. SEQUENCES AND SERIES OF MATRICES

In Section 5.3 we considered sequences and series whose terms were scalar
functions of x rather than being constant as was done in Sections 5.1 and 5.2.
In this section we consider yet another extension, in which the terms of the
series are matrices rather than scalars. We shall provide a brief discussion of
this extension. The interested reader can find a more detailed study of this

Ž . Ž . Ž .topic in Gantmacher 1959 , Lancaster 1969 , and Graybill 1983 . As in
Chapter 2, all matrix elements considered here are real.

For the purpose of our study of sequences and series of matrices we first
need to introduce the norm of a matrix.
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Definition 5.5.1. Let A be a matrix of order m�n. A norm of A, denoted
	 	by A , is a real-valued function of A with the following properties:

	 	 	 	1. A G0, and A s0 if and only if As0.
	 	 � � 	 	2. cA s c A , where c is a scalar.
	 	 	 	 	 	3. AqB F A q B , where B is any matrix of order m�n.
	 	 	 	 	 	4. AC F A C , where C is any matrix for which the product AC is
defined. �

Ž .If As a , then examples of matrix norms that satisfy properties 1, 2, 3,i j
and 4 include the following:

	 	 Ž m n 2 .1r21. The Euclidean norm, A s Ý Ý a .2 is1 js1 i j

	 	 w Ž .x1r2 Ž .2. The spectral norm, A s e A�A , where e A�A is the largests max max
eigenvalue of A�A.

Ž .Definition 5.5.2. Let A s a be matrices of orders m�n for kG1.k i jk
� 4� Ž .The sequence A is said to converge to the m�n matrix As a ifk ks1 i j

lim a sa for is1, 2, . . . , m; js1, 2, . . . , n. �k™� i jk i j

For example, the sequence of matrices

1 1 ky1
y12k kq1k

A s , ks1, 2,, . . . ,k 2k
2 0 22yk

converges to

0 y1 1As
2 0 y1

as k™�. The sequence

1
2k y2

k
A s , ks1, 2, . . . ,k k

1
1qk

does not converge, since k 2y2 goes to infinite as k™�.
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� 4�From Definition 5.5.2 it is easy to see that A converges to A if andk ks1
only if

	 	lim A yA s0,k
k™�

	 	where � is any matrix norm.

� 4�Definition 5.5.3. Let A be a sequence of matrices of order m�n.k ks1
� Ž .Then Ý A is called an infinite series or just a series of matrices. Thisks1 k

Ž .series is said to converge to the m�n matrix Ss s if and only if the seriesi j
Ý� a converges for all is1, 2, . . . , m; js1, 2, . . . , n, where a is theks1 i jk i jk
Ž .i, j th element of A , andk

�

a ss , is1, 2, . . . , m; js1, 2, . . . , n. 5.54Ž .Ý i jk i j
ks1

� Ž .The series Ý A is divergent if at least one of the series in 5.54 isks1 k
divergent. �

From Definition 5.5.3 and Result 5.2.1 we conclude that Ý� A divergesks1 k
Ž .if lim a �0 for at least one pair i, j , that is, if lim A �0.k™� i jk k™� k

A particular type of infinite series of matrices is the power series
� k Ž . 0Ý � A , where A is a square matrix, � is a scalar ks0, 1, . . . , and A isks0 k k

by definition the identity matrix I. For example, the power series

1 1 1
2 3 kIqAq A q A q ���q A q ���

2! 3! k!

Ž . Žrepresents an expansion of the exponential matrix function exp A see
.Gantmacher, 1959 .

k 	 	Theorem 5.5.1. Let A be an n�n matrix. Then lim A s0 if A �1,k™�

	 	where � is any matrix norm.

Proof. From property 4 in Definition 5.5.1 we can write

	 k 	 	 	 kA F A , ks1, 2, . . . .

	 	 	 k 	 k Ž .Since A �1, then lim A s0, which implies that lim A s0 why? .k™� k™�

�

Theorem 5.5.2. Let A be a symmetric matrix of order n�n such that
� � Ž	 �1 for is1, 2, . . . , n, where 	 is the ith eigenvalue of A all thei i

. � keigenvalues of A are real by Theorem 2.3.5 . Then Ý A converges toks0
Ž .y1IyA .
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Ž .Proof. By the spectral decomposition theorem Theorem 2.3.10 there
exists an orthogonal matrix P such that AsP� P�, where � is a diagonal
matrix whose diagonal elements are the eigenvalues of A. Then

AksP�k P�, ks0, 1, 2, . . . .

� � k kSince 	 �1 for all i, then � ™0 and hence A ™0 as k™�. Further-i
more, the matrix IyA is nonsingular, since

IyAsP Iy� P�Ž .

and all the diagonal elements of Iy� are positive.
Now, for any nonnegative integer k we have the following identity:

IyA IqAqA2q ���qAk sIyAkq1 .Ž . Ž .

Hence,

y1k kq1IqAq ���qA s IyA IyA .Ž . Ž .

By letting k go to infinity we get

�
y1kA s IyA ,Ž .Ý

ks0

since lim Akq1 s0. �k™�

Theorem 5.5.3. Let A be a symmetric n�n matrix and 	 be any
� � 	 	 	 	eigenvalue of A. Then 	 F A , where A is any matrix norm of A.

Proof. We have that Avs	v, where v is an eigenvector of A for the
	 	eigenvalue 	. If A is any matrix norm of A, then

	 	 � � 	 	 	 	 	 	 	 		v s 	 v s Av F A v .

Since v�0, we conclude that

� � 	 		 F A . �

Corollary 5.5.1. Let A be a symmetric matrix of order n�n such that
	 	 	 	 � kA �1, where A is any matrix norm of A. Then Ý A converges toks0
Ž .y1IyA .

Proof. This result follows from Theorem 5.5.2, since for is1, 2, . . . , n,
� � 	 		 F A �1. �i
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5.6. APPLICATIONS IN STATISTICS

Sequences and series have many useful applications in statistics. Some of
these applications will be discussed in this section.

5.6.1. Moments of a Discrete Distribution

Perhaps one of the most visible applications of infinite series in statistics is in
the study of the distribution of a discrete random variable that can assume a
countable number of values. Under certain conditions, this distribution can
be completely determined by its moments. By definition, the moments of a
distribution are a set of descriptive constants that are useful for measuring its
properties.

Let X be a discrete random variable that takes on the values
Ž .x , x , . . . , x , . . . , with probabilities p n , nG0. Then, by definition, the k th0 1 n

central moment of X, denoted by � , isk

�
k k

� sE Xy� s x y� p n , ks1, 2, . . . ,Ž . Ž . Ž .Ýk n
ns0

Ž . � Ž . 2where �sE X sÝ x p n is the mean of X. We note that � s� isns0 n 2
the variance of X. The k th noncentral moment of X is given by the series

�
� k k� sE X s x p n , ks1, 2, . . . . 5.55Ž . Ž . Ž .Ýk n

ns0

� � �We note that � s�. If, for some integer N, x G1 for n�N, and if the1 n
Ž . � Žseries in 5.55 converges absolutely, then so does the series for � jsj

.1, 2, . . . , ky1 . This follows from applying the comparison test:

� � j � � kx p n F x p n if j�k and n�N.Ž . Ž .n n

Examples of discrete random variables with a countable number of values
Ž .include the Poisson see Section 4.5.3 and the negative binomial. The latter

random variable represents the number n of failures before the r th success
when independent trials are performed, each of which has two probability
outcomes, success or failure, with a constant probability p of success on each
trial. Its probability mass function is therefore of the form

nnq ry1 rp n s p 1yp , ns0, 1, 2, . . . .Ž . Ž .ž /n
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By contrast, the Poisson random variable has the probability mass function

ey		n

p n s , ns0, 1, 2, . . . ,Ž .
n!

where 	 is the mean of X. We can verify that 	 is the mean by writing

� y	 ne 	
�s nÝ n!ns0

� ny1	
y	s	e Ý ny1 !Ž .ns1

� n	
y	s	e Ý n!ns0

s	ey	 e	 , by Maclaurin’s expansion of e	Ž .
s	.

The second noncentral moment of the Poisson distribution is

� y	 ne 	
� 2� s nÝ2 n!ns0

� ny1	
y	se 	 nÝ ny1 !Ž .ns1

� ny1	
y	se 	 ny1q1Ž .Ý ny1 !Ž .ns1

ny2 ny1� �	 	
y	se 	 	 qÝ Ýny2 ! ny1 !Ž . Ž .ns2 ns1

y	 w 	 	 xse 	 	e qe

s	2q	.

In general, the k th noncentral moment of the Poisson distribution is given by
the series

� y	 ne 	
� k� s n , ks1, 2, . . . ,Ýk n!ns0
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which converges for any k. This can be shown, for example, by the ratio test

ka nq1 	nq1
lim s lim ž /a n nq1n™� n™�n

s0�1.

Thus all the noncentral moments of the Poisson distribution exist.
Similarly, for the negative binomial distribution we have

�
nnq ry1 r�s n p 1ypŽ .Ý ž /nns0

r 1ypŽ .
s why? , 5.56Ž . Ž .

p

�
nnq ry1� 2 r� s n p 1ypŽ .Ý2 ž /nns0

r 1yp 1q ry rpŽ . Ž .
s why? 5.57Ž . Ž .2p

and the kth noncentral moment,

�
nnq ry1� k r� s n p 1yp , ks1, 2, . . . , 5.58Ž . Ž .Ýk ž /nns0

exists for any k, since, by the ratio test,

knq1 nq rž /ž /a nq1nnq1
lim s lim 1ypŽ .

a nq ry1n™� n™�n ž /n

knq1 nq r
s 1yp limŽ . ž /ž /n nq1n™�

s1yp�1,

Ž .which proves convergence of the series in 5.58 .
A very important inequality that concerns the mean � and variance � 2 of

Ž .any random variable X not just the discrete ones is Chebyshev’s inequality,
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namely,

1
� �P Xy� G r� F ,Ž . 2r

or equivalently,

1
� �P Xy� � r� G1y , 5.59Ž .Ž . 2r

Žwhere r is any positive number see, for example, Lindgren, 1976, Section
.2.3.2 . The importance of this inequality stems from the fact that it is

independent of the exact distribution of X and connects the variance of X
Ž .with the distribution of its values. For example, inequality 5.59 states that at

Ž 2 .least 1y1rr �100% of the values of X fall within r� from its mean,
2'where �s � is the standard deviation of X.

Chebyshev’s inequality is a special case of a more general inequality called
Ž .Markov’s inequality. If b is a nonzero constant and h x is a nonnegative

function, then

1
2P h X Gb F E h X ,Ž . Ž .2b

w Ž .xprovided that E h X exists. Chebyshev’s inequality follows from Markov’s
Ž . Ž .2inequality by choosing h X s Xy� .

Another important result that concerns the moments of a distribution is
given by the following theorem, regarding what is known as the Stieltjes
moment problem, which also applies to any random variable:

� Ž .Theorem 5.6.1. Suppose that the moments � ks1, 2, . . . of a randomk
variable X exist, and the series

� ��k k� 5.60Ž .Ý k!ks1

is absolutely convergent for some ��0. Then these moments uniquely
Ž .determine the cumulative distribution function F x of X.

Ž .Proof. See, for example, Fisz 1963, Theorem 3.2.1 . �

In particular, if

� � � k� FM , ks1, 2, . . . ,k

Ž .for some constant M, then the series in 5.60 converges absolutely for any
� Ž k . k��0 by the comparison test. This is true because the series Ý M rk! �ks1

Ž .converges for example, by the ratio test for any value of � .
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Ž .It should be noted that absolute convergence of the series in 5.60 is a
Ž .sufficient condition for the unique determination of F x , but is not a

Ž .necessary condition. This is shown in Rao 1973, page 106 . Furthermore,
if some moments of X fail to exist, then the remaining moments that do exist

Ž .cannot determine F x uniquely. The following counterexample is given in
Ž .Fisz 1963, page 74 :

Let X be a discrete random variable that takes on the values x s2 nrn2,n
Ž . nnG1, with probabilities p n s1r2 , nG1. Then

� 1
�sE X s ,Ž . Ý 2nns1

which exists, because the series is convergent. However, �� does not exist,2
because

� n2
� 2� sE X sŽ . Ý2 4nns1

and this series is divergent, since 2 nrn4™� as n™�.
Now, let Y be another discrete random variable that takes on the value

1 nq1 2zero with probability and the values y s2 rn , nG1, with probabilitiesn2
Ž . nq1q n s1r2 , nG1. Then,

� 1
E Y s sE X .Ž . Ž .Ý 2nns1

The second noncentral moment of Y does not exist, since

� nq12
� 2� sE Y s ,Ž . Ý2 4nns1

and this series is divergent.
Since �� does not exist for both X and Y, none of their noncentral2

moments of order k�2 exist either, as can be seen from applying the
comparison test. Thus X and Y have the same first noncentral moments, but
do not have noncentral moments of any order greater than 1. These two
random variables have obviously different distributions.

5.6.2. Moment and Probability Generating Functions

Let X be a discrete random variable that takes on the values x , x , x , . . .0 1 2
Ž .with probabilities p n , nG0.

The Moment Generating Function of X

This function is defined as
�

t X t x n� t sE e s e p n 5.61Ž . Ž . Ž . Ž .Ý
ns0
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provided that the series converges. In particular, if x sn for nG0, thenn

�
t n� t s e p n , 5.62Ž . Ž . Ž .Ý

ns0

which is a power series in et. If � is the radius of convergence for this series,
Ž .then by Theorem 5.4.4, � t is a continuous function of t and has derivatives

of all orders inside its interval of convergence. Since

kd � tŽ .
�ksE X s� , ks1, 2, . . . , 5.63Ž . Ž .kkdt ts0

Ž .� t , when it exists, can be used to obtain all noncentral moments of X,
which can completely determine the distribution of X by Theorem 5.6.1.

Ž . Ž .From 5.63 , by using Maclaurin’s expansion of � t , we can obtain an
expression for this function as a power series in t:

� nt
Žn.� t s� 0 q � 0Ž . Ž . Ž .Ý n!ns1

� ��n ns1q t . 5.64Ž .Ý n!ns1

Ž .Let us now go back to the series in 5.62 . If

p nq1Ž .
lim sp ,

p nn™� Ž .

then by Theorem 5.4.2, the radius of convergence � is

1rp, 0�p��,°
~0, ps�,�s¢�, ps0.

w Ž .x1r nAlternatively, if lim sup p n sq, thenn™�

1rq , 0�q��,°
~0, qs�,�s¢�, qs0.
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For example, for the Poisson distribution, where

ey		n

p n s , ns0, 1, 2, . . . ,Ž .
n!

w Ž . Ž .x w Ž .xwe have lim p nq1 rp n s lim 	r nq1 s0. Hence, �s�, thatn™� n™�

is,

� y	 ne 	
t n� t s eŽ . Ý n!ns0

converges uniformly for any value of t for which et ��, that is, y�� t��.
Ž .As a matter of fact, a closed-form expression for � t can be found, since

nt� 	eŽ .
y	� t seŽ . Ý n!ns0

sey	 exp 	etŽ .
sexp 	ety	 for all t . 5.65Ž . Ž .

The kth noncentral moment of X is then given by

k k td � t d 	e y	Ž . Ž .
�� s s .k k k

ts0dt dt ts0

In particular, the first two noncentral moments are

�� s�s	,1

�� s	q	2 .2

This confirms our earlier finding concerning these two moments.
Ž .It should be noted that formula 5.63 is valid provided that there exists a

Ž .��0 such that the neighborhood N 0 is contained inside the interval of�

convergence. For example, let X have the probability mass function

6
p n s , ns1, 2, . . . .Ž . 2 2� n

Then

p nq1Ž .
lim s1.

p nn™� Ž .

Hence, by Theorem 5.4.4, the series

� 6
t n� t s eŽ . Ý 2 2� nns1
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converges uniformly for values of t satisfying etF r, where rF1, or equiva-
lently, for tF log rF0. If, however, t�0, then the series diverges. Thus

Ž .there does not exist a neighborhood N 0 that is contained inside the�

Ž .interval of convergence for any ��0. Consequently, formula 5.63 does not
hold in this case.

From the moment generating function we can derive a series of constants
that play a role similar to that of the moments. These constants are called
cumulants. They have properties that are, in certain circumstances, more
useful than those of the moments. Cumulants were originally defined and

Ž .studied by Thiele 1903 .
By definition, the cumulants of X, denoted by � , � , . . . , � , . . . are1 2 n

constants that satisfy the following identity in t:

� t 2 � t n
2 n

exp � tq q ���q q ���1ž /2! n!

�� ��
2 n� 2 ns1q� tq t q ���q t q ��� . 5.66Ž .1 2! n!

Ž .Using formula 5.64 , this identity can be written as

� �n nt s log � t , 5.67Ž . Ž .Ý n!ns1

Ž .provided that � t exists and is positive. By definition, the natural logarithm
of the moment generating function of X is called the cumulant generating
function.

Ž .Formula 5.66 can be used to express the noncentral moments in terms of
Ž .the cumulants, and vice versa. Kendall and Stuart 1977, Section 3.14 give a

general relationship that can be used for this purpose. For example,

� s�� ,1 1

� s�� y�� 2 ,2 2 1

� s�� y3�� �� q2�� 3.3 3 1 2 1

The cumulants have an interesting property in that they are, except for � ,1
invariant to any constant shift c in X. That is, for ns2, 3, . . . , � is notn
changed if X is replaced by Xqc. This follows from noting that

w Ž Xqc . t x ctE e se � t ,Ž .

which is the moment generating function of Xqc. But

ctlog e � t sctq log � t .Ž . Ž .
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Ž .By comparison with 5.67 we can then conclude that except for � , the1
cumulants of Xqc are the same as those of X. This contrasts sharply with
the noncentral moments of X, which are not invariant to such a shift.

Another advantage of using cumulants is that they can be employed to
obtain approximate expressions for the percentile points of the distribution

Ž .of X see Section 9.5.1 .

EXAMPLE 5.6.1. Let X be a Poisson random variable whose moment
Ž . Ž .generating function is given by formula 5.65 . By applying 5.67 we get

� �n n tt s log exp 	e y	Ž .Ý n!ns1

s	ety	

� nt
s	 .Ý n!ns1

Here, we have made use of Maclaurin’s expansion of et. This series converges
for any value of t. It follows that � s	 for ns1, 2, . . . .n

The Probability Generating Function

This is similar to the moment generating function. It is defined as

�
X x n� t sE t s t p n .Ž . Ž . Ž .Ý

ns0

In particular, if x sn for nG0, thenn

�
n� t s t p n , 5.68Ž . Ž . Ž .Ý

ns0

which is a power series in t. Within its interval of convergence, this series
represents a continuous function with derivatives of all orders. We note that
Ž . Ž .� 0 sp 0 and that

k1 d � tŽ .
sp k , ks1, 2, . . . . 5.69Ž . Ž .kk! dt ts0

Thus, the entire probability distribution of X is completely determined by
Ž .� t .
The probability generating function is also useful in determining the
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moments of X. This is accomplished by using the relation

k �d � tŽ .
s n ny1 ��� nykq1 p nŽ . Ž . Ž .Ýkdt ts1 nsk

sE X Xy1 ��� Xykq1 . 5.70Ž . Ž . Ž .

Ž .The quantity on the right-hand side of 5.70 is called the kth factorial
moment of X, which we denote by 
 . The noncentral moments of X can bek
derived from the 
 ’s. For example,k

�� s
 ,1 1

�� s
 q
 ,2 2 1

�� s
 q3
 q
 ,3 3 2 1

�� s
 q6
 q7
 q
 .4 4 3 2 1

Ž .Obviously, formula 5.70 is valid provided that ts1 belongs to the interval
Ž .of convergence of the series in 5.68 .

If a closed-form expression is available for the moment generating func-
Ž .tion, then a corresponding expression can be obtained for � t by replacing

t Ž .e with t. For example, from formula 5.65 , the probability generating
Ž . Ž .function for the Poisson distribution is given by � t sexp 	ty	 .

5.6.3. Some Limit Theorems

In Section 3.7 we defined convergence in probability of a sequence of
random variables. In Section 4.5.1 convergence in distribution of the same
sequence was introduced. In this section we introduce yet another type of
convergence.

� 4�Definition 5.6.1. A sequence X of random variables converges inn ns1
quadratic mean to a random variable X if

2lim E X yX s0.Ž .n
n™�

q.m. 6This convergence is written symbolically as X X. �n

Convergence in quadratic mean implies convergence in probability. This
q.m. 6follows directly from applying Markov’s inequality: If X X, then for anyn

��0,

1 2� �P X yX G� F E X yX ™0Ž .Ž .n n2�

� 4�as n™�. This shows that the sequence X converges in probabilityn ns1
to X.
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( )5.6.3.1. The Weak Law of Large Numbers Khinchine’s Theorem

� 4�Let X be a sequence of independent and identically distributed randomi is1
variables with a finite mean �. Then X converges in probability to � asn

nŽ .n™�, where X s 1rn Ý X is the sample mean of a sample of size n.n is1 i

Ž . ŽProof. See, for example, Lindgren 1976, Section 2.5.1 or Rao 1973,
.Section 2c.3 . �

� 4�Definition 5.6.2. A sequence X of random variables convergesn ns1
strongly, or almost surely, to a random variable X, written symbolically as

a.s. 6X X, if for any ��0,n

� �lim P sup X yX �� s0. �nž /
N™� nGN

� 4�Theorem 5.6.2. Let X be a sequence of random variables. Then wen ns1
have the following:

a.s. 61. If X c, where c is constant, then X converges in probability to c.n nq.m. a.s.� 26 6Ž .2. If X c, and the series Ý E X yc converges, then X c.n ns1 n n

( )5.6.3.2. The Strong Law of Large Numbers Kolmogoro©’s Theorem

� 4�Let X be a sequence of independent random variables such thatn ns1
Ž . Ž . 2 � 2 2E X s� and Var X s� , ns1, 2, . . . . If the series Ý � rn con-n n n n ns1 na.s. n6 Ž .verges, then X � , where � s 1rn Ý � .n n n is1 i

Ž .Proof. See Rao 1973, Section 2c.3 . �

5.6.3.3. The Continuity Theorem for Probability Generating Functions

Ž .See Feller 1968, page 280 .
� Ž .4�Suppose that for every kG1, the sequence p n represents a dis-k ns0

Ž . � n Ž .crete probability distribution. Let � t sÝ t p n be the correspondingk ns0 k
Ž .probability generating function ks1, 2, . . . . In order for a limit

q s lim p nŽ .n k
k™�

to exist for every ns0, 1, . . . , it is necessary and sufficient that the limit

� t s lim � tŽ . Ž .k
k™�
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Ž .exist for every t in the open interval 0, 1 . In this case,

�
n� t s t q .Ž . Ý n

ns0

This theorem implies that a sequence of discrete probability distributions
converges if and only if the corresponding probability generating functions
converge. It is important here to point out that the q ’s may not form an

Ž .discrete probability distribution because they may not sum to 1 . The
Ž .function � t may not therefore be a probability generating function.

5.6.4. Power Series and Logarithmic Series Distributions

Ž .The power series distribution, which was introduced by Kosambi 1949 ,
represents a family of discrete distributions, such as the binomial, Poisson,
and negative binomial. Its probability mass function is given by

a 
 n
n

p n s , ns0, 1,2, . . . ,Ž .
f 
Ž .

Ž .where a G0, 
�0, and f 
 is the functionn

�
nf 
 s a 
 . 5.71Ž . Ž .Ý n

ns0

This function is defined provided that 
 falls inside the interval of conver-
Ž .gence of the series in 5.71 .

For example, for the Poisson distribution, 
s	, where 	 is the mean,
Ž . 	a s1rn! for ns0, 1, 2, . . . , and f 
 se . For the negative binomial, 
sn

nq ry 11yp and a s , ns0, 1, 2, . . . , where nsnumber of failures,n ž /n
rsnumber of successes, and psprobability of success on each trial, and
thus

� 1nnq ry1f 
 s 1yp s .Ž . Ž .Ý rž /n pns0

A special case of the power series distribution is the logarithmic series
Ž .distribution. It was first introduced by Fisher, Corbet, and Williams 1943

while studying abundance and diversity for insect trap data. The probability
mass function for this distribution is


 n

p n sy , ns1, 2, . . . ,Ž .
n log 1y
Ž .

where 0�
�1.
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The logarithmic series distribution is useful in the analysis of various kinds
of data. A description of some of its applications can be found, for example,

Ž .in Johnson and Kotz 1969, Chapter 7 .

5.6.5. Poisson Approximation to Power Series Distributions

Ž .See Perez-Abreu 1991 .´
The Poisson distribution can provide an approximation to the distribution

of the sum of random variables having power series distributions. This is
based on the following theorem:

Theorem 5.6.3. For each kG1, let X , X , . . . , X be independent non-1 2 k
negative integer-valued random variables with a common power series distri-
bution

p n sa 
 nrf 
 , ns0, 1, . . . ,Ž . Ž .k n k k

Ž .where a G0 ns0, 1, . . . are independent of k andn

�
nf 
 s a 
 , 
 �0.Ž . Ýk n k k

ns0

Let a �0, 	�0 be fixed and S sÝk X . If k
 ™	 as k™�, then0 k is1 i k

lim P S sn sey	 0	nrn!, ns0, 1, . . . ,Ž .k 0
k™�

where 	 s	a ra .0 1 0

Ž .Proof. See Perez-Abreu 1991, page 43 . �´

By using this theorem we can obtain the well-known Poisson approxima-
tion to the binomial and the negative binomial distributions as shown below.

Ž .EXAMPLE 5.6.2 The Binomial Distribution . For each k G 1, let
X , . . . , X be a sequence of independent Bernoulli random variables with1 k
success probability p . Let S sÝk X . Suppose that kp ™	�0 as k™�.k k is1 i k
Then, for each ns0, 1, . . . ,

k kynnlim P S sn s lim p 1ypŽ . Ž .k k kž /nk™� k™�

sey		nrn!.

This follows from the fact that the Bernoulli distribution with success
Ž . Ž .probability p is a power series distribution with 
 sp r 1yp and f 
 sk k k k k



APPLICATIONS IN STATISTICS 195

1q
 . Since a sa s1, and k
 ™	 as k™�, we get from applyingk 0 1 k
Theorem 5.6.3 that

lim P S sn sey		nrn!.Ž .k
k™�

Ž .EXAMPLE 5.6.3 The Negative Binomial Distribution . We recall that a
random variable Y has the negative binomial distribution if it represents the

Ž . Ž .number of failures n in repeated trials before the k th success kG1 . Let
p denote the probability of success on a single trial. Let X , X , . . . , X bek 1 2 k
random variables defined as

X snumber of failures occurring before the 1st success,1

X snumber of failures occurring between the 1st success2
and the 2nd success,
...

Ž .X snumber of failures occurring between the ky1 stk
success and the kth success.

Such random variables have what is known as the geometric distribution. It is
a special case of the negative binomial distribution with ks1. The common
probability distribution of the X ’s isi

n
P X sn sp 1yp , ns0, 1 . . . ; is1, 2, . . . , k .Ž . Ž .i k k

Ž .This is a power series distribution with a s1 ns0, 1, . . . , 
 s1yp , andn k k

� 1 1n
f 
 s 1yp s s .Ž . Ž .Ýk k 1y 1yp pŽ .k kns0

It is easy to see that X , X , . . . , X are independent and that YsS s1 2 k k
Ýk X .is1 i

Ž .Let us now assume that k 1yp ™	�0 as k™�. Then from Theoremk
5.6.3 we obtain the following result:

lim P S sn sey		nrn!, ns0, 1. . . . .Ž .k
k™�

5.6.6. A Ridge Regression Application

Consider the linear model

ysX�q� ,
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where y is a vector of n response values, X is an n�p matrix of rank p, � is
a vector of p unknown parameters, and � is a random error vector such that
Ž . Ž . 2E � s0 and Var � s� I . All variables in this model are corrected forn

their means and scaled to unit length, so that X�X and X�y are in correlation
form.

We recall from Section 2.4.2 that if the columns of X are multicollinear,
ˆ y1Ž .then the least-squares estimator of �, namely �s X�X X�y, is an unreli-

able estimator due to large variances associated with its elements. There are
several methods that can be used to combat multicollinearity. A review of

Ž .such methods can be found in Ofir and Khuri 1986 . Ridge regression is one
of the most popular of these methods. This method, which was developed by

Ž .Hoerl and Kennard 1970a, b , is based on adding a positive constant k to the
diagonal elements of X�X. This leads to a biased estimator �* of � called the
ridge regression estimator and is given by

y1
�*s X�XqkI X�y.Ž .n

The elements of �* can have substantially smaller variances than the corre-
ˆ Žsponding elements of � see, for example, Montgomery and Peck, 1982,

.Section 8.5.3 .
Ž .Draper and Herzberg 1987 showed that the ridge regression residual

sum of squares can be represented as a power series in k. More specifically,
consider the vector of predicted responses,

y sX�*k̂

y1sX X�XqkI X�y, 5.72Ž . Ž .n

Ž .which is based on using �*. Formula 5.72 can be written as

y1y1 y1y sX X�X I qk X�X X�y. 5.73Ž . Ž . Ž .k̂ n

Ž .y1From Theorem 5.5.2, if all the eigenvalues of k X�X are less than one in
absolute value, then

�y1y1 i yiiI qk X�X s y1 k X�X . 5.74Ž . Ž . Ž . Ž .Ýn
is0

Ž . Ž .From 5.73 and 5.74 we get

y s H ykH qk 2 H yk 3H q ��� y,ˆ Ž .k 1 2 3 4

Ž .yiwhere H sX X�X X�, iG1. Thus the ridge regression residual sum ofi
squares, which is the sum of squares of deviations of the elements of y from
the corresponding elements of y , isk̂

yyy � yyy sy�Qy,Ž . Ž .ˆ ˆk k
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where

22 3Qs I yH qkH yk H qk H y ��� .Ž .n 1 2 3 4

Ž .It can be shown see Exercise 5.32 that

�
iy1y�QysSS q iy2 yk S , 5.75Ž . Ž . Ž .ÝE i

is3

where SS is the usual least-squares residual sum of squares, which can beE
obtained when ks0, that is,

y1SS sy� I yX X�X X� y,Ž .E n

Ž .and S sy�H y, iG3. The terms to the right of 5.75 , other than SS , arei i E
bias sums of squares induced by the presence of a nonzero k. Draper and

Ž .Herzberg 1987 demonstrated by means of an example that the series in
Ž .5.75 may diverge or else converge very slowly, depending on the value of k.
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EXERCISES

In Mathematics

� 4�5.1. Suppose that a is a bounded sequence of positive terms.n ns1

( ) � 4a Define b smax a , a , . . . , a , ns1, 2, . . . . Show that the se-n 1 2 n
� 4�quence b converges, and identify its limit.n ns1

( )b Suppose further that a ™c as n™�, where c�0. Show thatn
� 4�c ™c, where c is the sequence of geometric means, c sn n ns1 n

Ž n .1r nŁ a .is1 i

� 4� � 4�5.2. Suppose that a and b are any two Cauchy sequences. Letn ns1 n ns1
� � � 4�d s a yb , ns1, 2, . . . . Show that the sequence d converges.n n n n ns1

5.3. Prove Theorem 5.1.3.

� 4�5.4. Show that if a is a bounded sequence, then the set E of all itsn ns1
subsequential limits is also bounded.

� 4�5.5. Suppose that a ™c as n™� and that a is a sequence of positiven i is1
terms for which Ýn � ™� as n™�.is1 i

( )a Show that
Ýn � ais1 i i

™c as n™�.nÝ �is1 i

In particular, if � s1 for all i, theni

n1
a ™c as n™�.Ý in is1

( ) Ž .b Show that the converse of the special case in a does not always
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� 4�hold by giving a counterexample of a sequence a that doesn ns1
Ž n .not converge, yet Ý a rn converges as n™�.is1 i

� 4�5.6. Let a be a sequence of positive terms such thatn ns1

anq1
™b as n™�,

an

where 0�b�1. Show that there exist constants c and r such that
0� r�1 and c�0 for which a �cr n for sufficiently large values of n.n

� 4�5.7. Suppose that we have the sequence a , where a s1 andn ns1 1

a 3bqa2Ž .n n
a s , b�0, ns1, 2, . . . .nq1 23a qbn

Show that the sequence converges, and find its limit.

� 4�5.8. Show that the sequence a converges, and find its limit, wheren ns1
a s1 and1

1r2a s 2qa , ns1, 2, . . . .Ž .nq1 n

� 4� n5.9. Let a be a sequence and s sÝ a .n ns1 n is1 i

( ) Ž .a Show that lim sup s rn F lim sup a .n™� n n™� n

( )b If s rn converges as n™�, then show that a rn™0 as n™�.n n

� 4� n Ž .5.10. Show that the sequence a , where a sÝ 1ri , is not a Cauchyn ns1 n is1
sequence and is therefore divergent.

� 4�5.11. Suppose that the sequence a satisfies the following condition:n ns1
There is an r, 0� r�1, such that

� � na ya �br , ns1, 2, . . . ,nq1 n

where b is a positive constant. Show that this sequence converges.

5.12. Show that if a G0 for all n, then Ý� a converges if and only ifn ns1 n
� 4�s is a bounded sequence, where s is the nth partial sum of then ns1 n
series.

1� w Ž .Ž .x5.13. Show that the series Ý 1r 3ny1 3nq2 converges to .ns1 6

� Ž 1r n . p5.14. Show that the series Ý n y1 is divergent for pF1.ns1

5.15. Let Ý� a be a divergent series of positive terms.ns1 n

( ) � 4� � w Ž .xa If a is a bounded sequence, then show that Ý a r 1qan ns1 ns1 n n
diverges.
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( ) Ž . � 4�b Show that a is true even if a is not a bounded sequence.n ns1

5.16. Let Ý� a be a divergent series of positive terms. Show thatns1 n

a 1 1n
F y , ns2, 3, . . . ,2 s ss ny1 nn

where s is the nth partial sum of the series; then deduce thatn
� Ž 2 .Ý a rs converges.ns1 n n

5.17. Let Ý� a be a convergent series of positive terms. Let r sÝ� a .ns1 n n isn i
Show that for m�n,

n a ri n
�1y ,Ý r ri mism

� Ž .and deduce that Ý a rr diverges.ns1 n n

� Ž . � Ž 2 .5.18. Given the two series Ý 1rn ,Ý 1rn . Show thatns1 ns1

1rn1
lim s1,ž /nn™�

1rn1
lim s1.2ž /nn™�

5.19. Test for convergence of the series Ý� a , wherens1 n

n1r na a s n y1 ,Ž . Ž .n

log 1qnŽ .
b a s ,Ž . 2n nlog 1qeŽ .

1�3�5� ��� � 2ny1 1Ž .
c a s � ,Ž . n 2�4�6� ��� �2n 2nq1

' ''d a s nq n y n ,Ž . n

n ny1 4Ž .
e a s ,Ž . n nn

1
f a ssin nq � .Ž . n ž /n
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5.20. Determine the values of x for which each of the following series
converges uniformly:

� nq2
2 na x ,Ž . Ý n3ns1

� n10
nb x ,Ž . Ý nns1

�
2 nc nq1 x ,Ž . Ž .Ý

ns1

� cos nxŽ .
d .Ž . Ý 2n n q1Ž .ns1

5.21. Consider the series

ny1� � y1Ž .
a s .Ý Ýn nns1 ns1

Let Ý� b be a certain rearrangement of Ý� a given byns1 n ns1 n

1 1 1 1 1 1 1 11q y q q y q q y q ��� ,3 2 5 7 4 9 11 6

where two positive terms are followed by one negative. Show that the
10sum of the original series is less than , whereas that of the rearranged12
11Ž .series which is convergent exceeds .12

5.22. Consider Cauchy’s product of Ý� a with itself, wherens0 n

n
y1Ž .

a s , ns0, 1, 2, . . . .n 'nq1

wShow that this product is divergent. Hint: Show that the nth term of
xthis product does not go to zero as n™�.

� Ž .4�5.23. Consider the sequence of functions f x , where for ns1, 2, . . .n ns1

nx
f x s , xG0.Ž .n 21qnx

Find the limit of this sequence, and determine whether or not the
w .convergence is uniform on 0, � .
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� Ž x.5.24. Consider the series Ý 1rn .ns1

( ) w .a Show that this series converges uniformly on 1q� , � , where � is
wany positive number. Note: The function represented by this series

Ž . xis known as Riemann’s �-function and is denoted by � x .
( ) Ž . w .b Is � x differentiable on 1q� , � ? If so, give a series expansion

Ž .for � � x .

In Statistics

Ž . Ž .5.25. Prove formulas 5.56 and 5.57 .

5.26. Find a series expansion for the moment generating function of the
negative binomial distribution. For what values of t does this series

Ž .converge uniformly? In this case, can formula 5.63 be applied to
Ž .obtain an expression for the k th noncentral moment ks1, 2, . . . of

this distribution? Why or why not?

5.27. Find the first three cumulants of the negative binomial distribution.

� Ž .5.28. Show that the moments � ns1, 2, . . . of a random variable Xn
determine the cumulative distribution functions of X uniquely if

� � � 1r n�n
lim sup is finite.

nn™�

nq1r2 yn'w xHint: Use the fact that n!� 2� n e as n™�.

5.29. Find the moment generating function of the logarithmic series distribu-
tion, and deduce that the mean and variance of this distribution are
given by

�s�
r 1y
 ,Ž .

1
2� s� y� ,ž /1y


Ž .where �sy1rlog 1y
 .

� 4�5.30. Let X be a sequence of binomial random variables where then ns1
Ž .probability mass function of X ns1, 2, . . . is given byn

n nykkp k s p 1yp , ks0, 1,2, . . . , n ,Ž . Ž .n ž /k
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where 0�p�1. Further, let the random variable Y be defined asn

Xn
Y s yp.n n

( ) Ž . Ž . Ž .a Show that E X snp and Var X snp 1yp .n n

( )b Apply Chebyshev’s inequality to show that

p 1ypŽ .
� �P Y G� F ,Ž .n 2n�

where ��0.
( ) Ž . wc Deduce from b that Y converges in probability to zero. Note:n

xThis result is known as Bernoulli’s law of large numbers.

5.31. Let X , X , . . . , X be a sequence of independent Bernoulli random1 2 n
variables with success probability p . Let S sÝn X . Suppose thatn n is1 i
np ™��0 as n™�.n

( ) Ž .a Give an expression for � t , the moment generating function ofn
S .n

( )b Show that

lim � t sexp �ety� ,Ž . Ž .n
n™�

which is the moment generating function of a Poisson distribution
with mean �.

Ž .5.32. Prove formula 5.75 .


